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1 Introduction 

Starting with Gromov's work [8], pseudo-holomorphic curves (holomorphic curves 
in short) became a major tool in Hamiltonian systems, symplectic and contact 
geometries. Holomorphic curves are smooth maps 

F: {S,j)-^{W,J) 

from Riemann surfaces {S,j) with a complex structure j into almost complex 
manifolds {W, J) with almost complex structure J (ie, = —id) having the 
property that their linearized maps dF are complex linear at every point. Hence 
F satisfies the elliptic system of first order partial differential equations 

dFoj = J{F) o dF. 

Our aim is to investigate the compactness properties of the set of holomorphic 
curves varying not only the maps but also their domains consisting of punc- 
tured and nodal Riemann surfaces, as well as (in certain cases) their targets. 
Another major difference from Gromov's set-up is that the target manifolds of 
the holomorphic curves under consideration are not necessarily compact, and 
not necessarily having finite geometry at infinity. The target manifolds are 
almost complex manifolds with cylindrical ends and, in particular, cylindrical 
almost complex manifolds. We also consider the effect of a deformation of the 
almost complex structure on the target manifold leading to its splitting into ma- 
nifolds with cylindrical ends. This deformation is an analogue of the "stretching 
of the neck" operation, popular in gauge theory. Our analysis introduces the 
new concepts of stable holomorphic buildings and makes use of the well known 
Deligne-Mumford compactification of Riemann surfaces. The main results are 
formulated and proven in Section 10. We will see that the moduli spaces of sta- 
ble buildings, whose holomorphic maps have uniformly bounded energies and 
whose domains have a fixed arithmetic genus and a fixed number of marked 
points, are compact metric spaces. The compactness results for holomorphic 
curves proved in this paper cover a variety of applications, from the original 
Gromov compactness theorem for holomorphic curves [8], to Floer homology 
theory [6, 7], and to Symplectic Field Theory [4]. In fact, all compactness 
results for holomorphic curves without boundary known to us, including the 
compactness theorems in [21, 22], [23] and [24], follow from the theorems we 
shall prove here. Gromov's compactness theorem for closed holomorphic curves 
asserts compactness under the condition of the boundedness of the area. The 
holomorphic curves we consider are proper holomorphic maps of Riemann sur- 
faces with punctures into non-compact manifolds, thus they usually have infinite 
area. The bound on the area as the condition for compactness is replaced here 
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by the bound on another quantity, called energy. In applications of Gromov's 
theorem it is crucial to get an a priori bound on the area. The only known case 
in which the a priori estimates can be obtained is the case in which the almost 
complex structure is calibrated or tamed by a symplectic form. For this reason 
we decided to include the appropriate taming conditions in the statement of 
the theorems. This brings certain simplifications in the proofs and still allows 
to cover all currently known applications. 

Outline of the paper We begin in Sections 2 and 3 with basics about cylin- 
drical almost complex manifolds and almost complex manifolds with cylindrical 
ends. Wc also describe the process of splitting of a complex manifolds along 
a real hypersurface and appropriate symplectic taming conditions which will 
enable us to prove the compactness results. In Section 4 we recall standard 
facts about hyperbolic geometry of Riemann surfaces and define the Deligne— 
Muniford compactification of the space of punctured Riemann surfaces, and its 
slightly bigger decorated version. In Sections 5 and 6 we define important no- 
tions of contact and symplectic energy and discuss the asymptotic behavior and 
other important analytic facts about holomorphic curves satisfying appropriate 
energy bounds. Sections 7-8 arc devoted to the description of the compact- 
ification of the moduli spaces of holomorphic curves in cylindrical manifolds, 
manifolds with cylindrical ends and in the families of almost complex manifolds 
which appear in the process of splitting. Section 10 is the central section of 
the paper, where we prove our main compactness results. In Section 11 we 
formulate some other related compactness theorems which can be proven using 
analytic techniques developed in the paper. Finally, in Appendix A we prove 
the necessary asymptotic convergence estimates, and in Appendix B describe 
metric structures on the compactified moduli spaces of holomorphic curves. 
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2 Cylindrical almost complex manifolds 
2.1 Cylindrical almost complex structures 

An almost complex structure J on M x F is called cylindrical if it is invariant 
under translations 

{t, x) {t + c,x) ,t,ceR, X eV, 

and the vector field R = is horizontal, ie, tangent to levels t x V , t € 
M. Clearly, any cylindrical structure on M x y is determined by the CR- 
structure = JTV D TV, = J|^) and the restriction of the vector field 
R to y = {0} X V, which also will be denoted by R. Furthermore, the 
distribution ^ and the vector field R uniquely determine a 1-form A = Aj 
on V satisfying A(R) = 1 and A|^ = 0. The cylindrical structure J is called 
symmetric if A is preserved by the flow of R, ie, if the Lie derivative LrA 
vanishes. This is equivalent to the condition RjdA = in view of the Cartan 
formula LrA = R JdA + d(A(R)) . It is important to point out that the flow of 
R is not required to preserve J itself. Here are three important examples of 
symmetric cylindrical almost complex structures. 

Example 2.1 Suppose that A is a contact form and R its Reeb vector field. 

Let us recall that this means that A A ((iA)"~^, where dim^ = 2n — 1, is a 
volume form on V , Tl generates the kernel of dX and is normalized by the 
condition A(R) = 1. Then LrA = 0, and hence, any J with A = Aj is 
automatically symmetric. We refer to this example as to the contact case. It is 
important to observe that in the contact case the levels cxV, c G R, are strictly 
pseudo-convex being co-oriented as boundaries of the domains (— oo,c] x V . 

Example 2.2 Let tt : F — M be a principal -bundle over a closed manifold 
M and R the vector field which is the infinitesimal generator of the -action. 

Let A be an S"^ -connection form on V such that A(R) = 1. Then we have 
LrA = and hence any cylindrical almost complex structure J with Aj = A 
is symmetric. 
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Example 2.3 Suppose that the 1-form A is closed. The equahty dX = 

trivially implies R J dA = 0, and hence the corresponding J is symmetric. 
This means, in particular, that the distribution ^ is integrable and thus the 
CR-structure J{) is Levi-fiat. 

The tangent bundle r(R x F) of a cylindrical manifold canonically splits as a 
direct sum of two complex subbundles, namely into the bundle ^ and the trivial 
1 -dimensional complex bundle generated by In this paper the manifold V 
is mostly assumed to be closed, though in the last Section 11.1 we will discuss 
some results for non-compact V. 

2.2 Taming conditions 

It was first pointed out by M. Gromov (see [8]) that though the local theory of 
holomorphic curves in an almost complex manifold is as rich as in the integrable 
case, the meaningful global theory does not exist unless there is a symplectic 
form which tames the almost complex structure. Let us recall that a linear 
complex structure J on a vector space E is called tamed by a symplectic form 
uj if the form uj is positive on complex lines. If, in addition, one adds the 
calibrating condition that uj is J-invariant, then J is said to be compatible 
with UJ . In the latter case 

uj{X,JY)-iuj{X,Y), X,YeE, 

is a Hermitian metric on E . Let (M x V, J) be a cylindrical almost complex 
manifold and let J^) and R G TV be the CR structure and the vector field 
which determine J, and A = Aj the corresponding 1-form. Given a maximal 
rank closed 2-form a; on F we say, to avoid an overused word "compatible", 
that J is adjusted to a; if a;|^ is compatible with and, in addition, 

Lrw = R J o; = 0. 

The latter condition means that the vector field R is Hamiltonian with respect 
to UJ . Our prime interest in this paper are symmetric cylindrical almost complex 
structures adjusted to a certain closed 2-form. Let us review the adjustment 
conditions in the Examples 2.1-2.3. In the contact case from Example 2.1 J is 
adjusted to a; = dA. When referring to the contact case we will always assume 
that dX is chosen as the taming form. Suppose that tt : V ^ M , X and R are 
as in Example 2.2. Suppose that the manifold M is endowed with a compatible 
symplectic form uj and an almost complex structure J. Set uj = 7r*a; and lift J 
to on ^ via the projection vr. Then the symmetric cylindrical almost complex 
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structure J on RxV determined by the vector field R and the CR-structure 
{(,,J^) is adjusted to the form to. The adjustment condition in Example 2.3 
requires the existence of a closed 2-form lu on V whose restriction to the 
leaves of the foliation ^ is symplectic and is compatible with . An important 
special case of this construction, which appears in the Floer homology theory, 
is the case in which the form A has an integral cohomology class and hence the 
manifold V fibers over the circle with symplectic fibers. If (M, r/) is the 
fiber of this fibration then V can be viewed as the mapping torus 



of a symplectomorphism / of a symplectic manifold (M, ij) . 
2.3 Dynamics of the vector field R 

Suppose that a symmetric cylindrical almost complex structure J is adjusted 
to a closed form ui. This implies that the vector field R is Hamiltonian: its 
flow preserves the form uj . Let us denote hy V = Vj the set of periodic trajec- 
tories, counting their multiples, of the vector field R restricted to V = {0} x V . 
Generically, V consists of only countably many periodic trajectories. Moreover, 
these trajectories can be assumed to be non- degenerate in the sense that the 
linearized Poincarc return map Ay along any closed trajectory 7, including 
multiples, has no eigenvalues equal to 1 . We will refer to this generic case as 
to the Morse case. We will be also dealing in this paper with a somewhat de- 
generate, so-called Morse-Bott case. Notice that any smooth family of periodic 
trajectories from V has the same period. Indeed, suppose we are given a map 
$ : S'^ X [0,1] ^ V satisfying 7,- = ^I^ixt ^ ^ for all r G [0, 1] . Let us denote 
by T-r the period of 7,- . Then we have 



in view of R J dA = so that ^*d\ vanishes on x [0, 1] . We say that a 
symmetric cylindrical almost complex structure J is of the Morse-Bott type if, 
for every T > the subset Nt C V formed by the closed trajectories from V 
of period T is a smooth closed submanifold of V , such that the rank of (jj\nt 
is locally constant and TpNx = ker((i((^r) — I)p, where ipt'. V ^ V is the flow 
generated by the vector field R. 

In this paper we will only consider symmetric cylindrical almost complex struc- 
tures J for which either the Morse, or the Morse-Bott condition is satisfied. 



V = [0, 1] X M/{(0, x) ~ (1, /(x)), xeM] 
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Given two homotopic periodic orbits 7, 7' G 'P and a homotopy $ : 5^ x [0, 1] 
V connecting them, we define their relative u -action by the formula^ 



A5,(7,7';$)= J (1) 



51 X [0,1] 

If the taming form u is exact, ie, lo = d9 for a one-form 6 on V , then 



7 7' 

so that the relative action is independent of the homotopy $ . 

We will also introduce the A -action, or simply the action of a periodic R-orbit 
7 by 



S{l) = I A. 



7 

Thus, in the contact case in which u> = dX, 

A5,(7,7';$) = S(7)--S(7')- 



3 Almost complex manifolds with cylindrical ends 

3.1 Remark about gluing two manifolds along their boundary 

We consider two manifolds W and W with boundaries and let V and V' be 
their boundary components. Given a diffeomorphism /: V ^ V , the manifold 

W = W [j W' 

glued along V and V is defined as a piecewise smooth manifold. If W and 
W' are oriented, and / : V ^ V' reverses the orientation then W inherits the 
orientation. However, to define a smooth structure on W one needs to make 
some additional choices (eg, one has to choose cmbcddings /: {—£, 0]xV ^ W 
and F: [0,e') xV^W such that /|oxV is the inclusion V ^ W and F\oxV 

is the composition V —>-V' ^ W' ) . Suppose that the manifolds W and W' are 

^Sometimes, when it will be explicitly said so, we consider the relative tj-action be- 
tween the R-orbits when one, or both of the orbits come with the opposite orientation. 
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endowed with almost complex structures J and J' . Then the tangent bundles 
TV and TV' carry CR-structures, ie, complex subbundles 

C = JTW n TW and ^' = JTW' n TW'. 

Then, in order to define an almost complex structure on W = W \J W' 

the orientation reversing diffeomorphism / must preserve these structures. In 
other words, we should have df{^) = ^' and df: (^, J) — {^',J') should be a 
homomorphism of complex bundles. In this case df canonically extends to a 
complex bundle homomorphism 

df: {TW\v,J) ^ {TW'\v',J'), 

and thus allows us to define a -smooth structure on W and a continuous 
almost complex structure J on W . To define a C°° -smooth structure J on 
W we may need not only to choose some additional data, as in the case of 
a smooth structure, but also to perturb either J or J' near V. A particular 
choice of the perturbation will usually be irrelevant for us, and thus will not be 
specified. 

Suppose now that {W, Q) and (1^', 0') are symplectic manifolds with bound- 
aries V and V' and introduce lo = 0,\v , oj' = ^'\v' ■ Suppose that there 
exists a diffeomorphism /: V ^ V which reverses the orientations induced 
on V and V by the symplectic orientations of W and W and which satisfies 
f*uj' = Lo. Notice that for any 1-form A on F which does not vanish on the 
(1— dimensional) kernel of the form to we can form for a sufficiently small e > 
a symplectic manifold ((— e, e) xV,Lij + d{tX)), where t G (— e,e) and cD is the 
pull-back of (jj under the projection (— £, £)xV ^ V . According to a version of 
Darboux' theorem any symplectic manifold containing a hypersurface (V, u) , is 
symplectomorphic near V to ((— e,e) xV,uj + d{tX)) via a symplectomorphism 
fixed on V . In particular, the identity map V ^ xV extends to a symplecto- 
morphism of a neighborhood of y in onto the lower-half (— £, 0] x 1/) , while 
the map f~^ : V' ^ xV extends to a symplectomorphism of a neighborhood 
of V' in W' onto the upper half [0, e) x V. This allows us to glue W and W 
into a smooth symplectic manifold W U W' . The symplectic structure on 

this manifold is independent of extra choices up to symplectomorphisms which 
are the identity maps on V = V and also outside of a neighborhood of this 
hypersurface. Hence these extra choices will not be usually specified. 
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3.2 Attaching a cylindrical end 

Let {W, J) be a compact smooth manifold with boundary and let J' a cylin- 
drical almost complex structure on M x F where V = dW . If J and J' induce 
on V the same CR-structure then, depending on whether the orientation of V 

determined by J'|^' and R, is opposite or coincides with the orientation of the 
boundary of W we can, as it is described in Section 3.1 above, attach to {W , J) 
the positive cylindrical end {Ej^ = [0, oo) x F, J'|e_,.) , or the negative cylindrical 
end {E^ = (— oo,0] x V, J'|e_), ie, we consider the manifold 

W = W U E± (2) 

V=OxV 

with the induced complex structure, still denoted by J. Alternatively, we say 
that an almost complex manifold {X, Jx ) has a cylindrical end (or ends if X 
is disconnected at infinity) if it is biholomorphically equivalent to a manifold 
of the form (2). To get a concrete model of this kind (for a positive end), let 
us choose a tubular neighborhood U = [—1,0] x V oi V = dW in W. Let 
: [— (5, oo) [—6,0), with < (5 < 1, be a monotone and (non-strictly) 
concave function which coincides with 

t ^ 

2 

for t G [0, co) and which is the identity map near —5. We define a family of 
diffeomorphisms G . W ^ W = Int W by means of the formula 

\w, weW\{U^UE+), 
where = [-S,0] X V C U. The push-forward (G^)*J wih be denoted by 

o 

. Thus (yv, J^) can be viewed as another model of an almost complex man- 
ifold with cylindrical end. We say that {X, Jx) has asymptotically cylindrical 
positive resp. negative end if there exists a diffeomorphism 

f: W = W U E±^X 
V=OxV 

such that the families of mappings : E± — > X , for s > , defined on the 
ends by the formulae f^{t,x) = f{t ± s,x) have the following properties, 

• ,r: = (r)Vx ^ J in . 

• J^(f ) = R for ah s > 0. 

We say that W has a symmetric cylindrical end if the almost complex structure 
J\e± is symmetric, ie, LrA = where R and A are the vector field and the 
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1— form on V introduced in the definition of a cylindrical almost complex struc- 
ture. The notion of an almost complex manifold with symmetric asymptotically 
cylindrical end has an obvious meaning. 

Examples 3.1 (1) C" has a symmetric (and even contact type) cylindrical 
end. 

(2) For any complex manifold W the punctured manifold W \ {p} has a 
cylindrical symmetric end. 

(3) More generally, let {X, J) be an almost complex manifold, and Y G X 
an almost complex submanifold of any real codimension 2k. Then the 
manifold {X \ Y,J\x\y) has a symmetric asymptotically cylindrical end 
corresponding to the cylindrical manifold E = R x V , where V is the 
sphere bundle over Y associated with the complex normal bundle to Y 
in X , and the vector field R is tangent to the fibers. In particular, there 
is another almost complex structure on X which is C-*" -close to J 
and coincides with J on T{X)\y such that the almost complex manifold 
{X \ Y, J'\x\y) has a symmetric cylindrical end. 

(4) Let {S\Z,j) be a closed Riemann surface with punctures, and (M, J) be 
any almost complex manifold. Then {{S \ Z) x M,j (B J) has cylindrical 
ends. 

3.3 Taming conditions for almost complex manifolds with cylin- 
drical ends 

Let {W = WUE,J) be an almost complex manifold with a cylindrical end 

E C R X V where V = dW. Let R be the associated vector field tangent to 
V, and let {^,J^) be the CR-structure, and A the 1-form on V associated 
with the cylindrical structure J\e- Suppose that the manifold W admits a 
symplectic form lo . We say that the almost complex structure J is adjusted to 
u if 

• the symplectic form a; is compatible with J\y^F, 

• J|£; is adjusted to u is the sense of the definition in Section 2.2. 

Notice that the distinction between positive and negative ends depends on the 
1-form A. In the contact case, ie, when the 1-form A associated with a cylin- 
drical end E is & contact form and to = dX, this sign is beyond our control; 
the boundary component Vq is positive iff there exists an outgoing vector field 
X transversal to Vq which dilates the symplectic form lo, ie, Lxco = to. On 
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the other hand, in other cases (see, for instance Examples 2.2 and 2.3) the sign 
of A, and hence the sign of the corresponding end E can be changed at our 
will. We will use the notation E- respectively E^ for the union of the negative 
ends respectively the positive ends. Similarly, the set V of periodic orbits of 
the vector field R also splits into the disjoint sets V- and V+ of orbits on V- 

and Vj_ . Consider now an almost complex structure J on W = WU E with an 

V 

asymptotically cylindrical end. The structure J is called adjusted to lo if 

• a; is compatible with J|^, 

• to" I ^ is compatible with Jt\^ for each t > (or t < 0) where is the 
pull-back of J under the inclusion map V = V x t ^ E . 

Note that in the situation of the last definition, the 2-form ui can always be 
extended to W = W UE asa symplectic form u taming J. 

3.4 Splitting 

The following splitting construction is an important source of manifolds with 
cylindrical ends. Let VF be a closed almost complex manifold, or a manifold 
with cylindrical ends, and V C W a, co-orientable compact real hypersurface. 
Let ^ = TV n JTV be the CR-structure induced on V , ic, the distribution 
of maximal complex tangent subspaces of TV. Let us cut W open along 

o 

V . The boundary of the newly created manifold W (which is disconnected 
if V divides W) consists of two copies V , V of F. Choose any vector 

o 

field R G TV transverse to ^ and attach to W the ends E^ = [0, oo) x V 
and E^ = (— oo, 0] x V with the unique cylindrical almost complex structure 
determined by the CR-structure J() and the vector field R. As it was 
pointed out in Section 3.1 the resulting manifold 

W = E^ U W U E+. 
VxO=V' v"=VxO 

gets a canonical -smooth structure and a continuous almost complex struc- 
ture J. In order to make J smooth in the C°° sense we may need to perturb 

o 

J on W near V . A specific choice of the perturbation will be irrelevant for 
our purposes, and thus not specified. The manifold (W, J) has cylindrical ends 
and is diffeomorphic to W \ V . Note that the above splitting construction can 
be viewed as the result of a "stretching of the neck" . Indeed one can consider 
a family of manifolds 

= W U [-T, t] X V , T e [0, oo), 

V"={-t)xV,txV=V' 
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with the almost complex structure J"^ on the insert [— r, r] x F which is uniquely 
determined by the same translational invariance condition. Then we have 

Suppose that a; is a symplectic form on W compatible with J, the vector 




Figure 1: Splitting 

field R on the hypersurface V generates the kernel oi u}\v , and the cylindrical 

structure on M x 1/ defined by J and R is symmetric. We say that in this case 
the splitting data are adjusted to the symplectic form uj. This is, in particular, 
the case when F is a contact type hypersurface in 14^, ie, a hypersurface which 
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admits in its neighborhood a transversal conformally symplectic vector field. In 
the adjusted case the splitting construction gives a manifold with symmmetric 
cylindrical ends which is adjusted to lo. Note that the hypersurface V is not 
assumed to divide W . On the other hand, V is allowed to be disconnected 
and to split W into several connected components. Finally, the above splitting 
construction immediately generalizes to the case when the manifold W itself 
has cylindrical ends. 



4 Deligne— Mumford compactness revisited 



4.1 Smooth stable Riemann surfaces 



Let S = {S,j,M) be a compact connected Riemann surface (without bound- 
ary) with a set M of numbered disjoint marked points. Two Riemann surfaces 
S = {S,j, M) and S' = {S' ,j' , M') arc called equivalent if there exists a diffeo- 
morphism 5 — > 5' such that ip^tj = j' and ^{M) = M' where we assume 
that if preserves the ordering of the sets M and M' . Let ji be the cardinality 
of M, and g the genus of S. The surface is called stable if 

25 + At > 3 . (3) 

The stability condition is equivalent to the requirement that the group of con- 
formal automorphisms of S, ie, biholomorphic maps preserving the marked 
points, is finite. The pair [g, jj) is called the signature of the Riemann surface 
S . Given a stable surface S = (S*, j, M) , the Uniformization Theorem asserts 
the existence of a unique complete hyperbolic metric of constant curvature —1 
of finite volume, in the given conformal class j on S = S\M. We will denote 
this metric by = h^'^ . Each puncture corresponds to a cusp of the hyper- 
bolic metric h^'^^ . In what follows we will always assume for a given stable 
Riemann surface (S, j, M) that the punctured surface S = S\M is endowed 
with the uniformizing hyperbolic metric h^'^ . Thus the moduli space Mg^fj, of 
the stable Riemann surfaces of signature {g, jjb) can be viewed equivalently as 
the moduli space of (equivalence classes of) hyperbolic metrics of finite volume 
and of constant curvature — 1 on the fixed surface S = S\M . 
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4.2 Thick— thin decomposition 

Fix an e > 0. Given a stable Riemann surface S = {S,j,M) we denote by 
Thick£(S) and Thine(S) its £-thick and e-thin parts, ie, 

Thicks (S) ={x G ^1 p{x) > e} 

■■ (4) 

Thins(S) ={x e S\ p{x) < e}, 

where p{x) denotes the injectivity radius of the metric h^'^^ at the point x ^ S . 
It is a remarkable fact of the hyperbolic geometry that there exists a universal 
constant Eq = sinh~^ 1 = ln(l + -\/2) such that for any £ < £o each component 
C of Thing (S) is conformally equivalent either to a finite cylinder [— L, L] x 
if the component C is not adjacent to a puncture, or to the punctured disc 
\ = [0, oo) X otherwise, see for example [20]. Each compact component 
C of the thin part contains a unique closed geodesic of length equal 2 p(C) , 
which will be denoted by Tq- Here p{C) = inf-rgc" . When considering 
e-thick-thin decompositions we will always assume that e is chosen smaller 
than So- 



re 




Figure 2: Thin parts non-adjacent (a) and adjacent (6) to a puncture 



4.3 Compactification of a punctured Riemann surface 

For each marked point z £ M of a Riemann surface S = {S,j, M) we define the 
surface with boundary as an oriented blow-up of S at the point z. Thus, 
is the circle compactification of S'\{z} and it is a compact surface bounded 
by the circle F^ = (T^S \ 0)/M.*^ , where M;^ = (0, oo) . The conformal structure 
j defines an action of the circle = M/Z on F^, and hence allows us to 
canonically metrize F^ . The canonical projection tt : ^ S sends the circle F^ 
to the point z and maps Int diffeomorphically to S'\{z}. Similarly, given a 
finite set M = {zi, . . . , z^} of punctures we define a blow-up surface having 
k boundary components Fi, . . . , Ffc. It comes with the projection tt: — > S 
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which collapses the boundary circles ri,...,rfe to the points zi,...,Zk and 
maps Int diffeomorphically to S = S \ M . A Riemann surface S is called 
e -thick if Thin£(S) consists only of non-compact (ie, adjacent to punctures) 
components. It is not difficult to see that the subspace A^l^^u C Mg^n of moduli 
of £-thick Riemann surfaces of signature {g, fi) is compact with respect to its 
natural topology. However, to compactify the moduli space of all hyperbolic 
metrics on S" \ M one has to add degenerate metrics, or metrics with interior 
cusps, if the length of the closed geodesies Fq in one or several components of 
the thin parts converge to 0. 

4.4 Stable nodal Riemann surfaces 

We introduce a notion of a nodal Riemann surface. Suppose we are given a 
possibly disconnected Riemann surface S = {S,j,M,D) whose set of marked 
points is presented as a disjoint union of sets M and D, where the cardinality 
of the set D is even. The marked points from D, which are called special, are 
organized in pairs, D = {di,di,d2,d2, ■ ■ ■ , d^, d/^} . The nodal Riemann surface 
is the equivalence class of surfaces {S, j, M, D) under the additional equivalence 
relations which make 

• each pair (dj, dj, for i = 1, . . . , /c, and 

• the set of all special pairs {{d\,di), {d2,d2), ■ ■ ■ , idk,dk)} 

unordered. For notational convenience we will still denote the nodal curve by 
S = (5", j, M, D) , but one should remember that the numeration of pairs of of 
points in D, and the ordering of each pair is not part of the structure. The 
nodal curve is called stable if the stability condition (3) is satisfied for each 
component of the surface 5 marked by the points from M U D. With a nodal 
surface S we can associate the following singular surface with double points, 

Sd = S/{di di;i = 1, . . . ,k} . (5) 

We shall call the identified points ~ a node. The nodal surface S is called 
connected if the singular surface Sd is connected. If the nodal surface S is 
connected then its arithmetic genus g (compatible with the definition of the 
deformation S^''^ below) is defined as 

1 

g = -#D-bo + ^gi + l, (6) 
1 

where = 2k is the cardinality of D, and bo is the number of connected 
components of the surface S , and 9i the sum of the genera of the con- 
nected components of S. The signature of a nodal curve S = (S, j, M, D) is 
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the pair where g is the arithmetic genus and // = #M. A stable nodal 

Riemann surface S = (S, j, M, D) is called decorated if for each special pair 
there is chosen an orientation reversing orthogonal map 

r, : r, = (t-,^ {s) \ 0) /m; ^ r, = (t,^ (s) \ o) /m; . (7) 

Orthogonal orientation reversing requires r{e^^z) = e^^'^r{z) for all z G Fj. 

Figure 3: The decoration 

We will also consider partially decorated surfaces if the maps rj are given only 
for a certain subset D' of special double points. An equivalence of decorated 
nodal surfaces must respect the decorating maps . The moduli spaces of sta- 
ble connected Riemann nodal surfaces, and decorated stable connected nodal 
surfaces of signature (5, /u) will be denoted by Mg,^ and Mg^fj,, respectively. 
Note that the moduli space Mg,ix of smooth Riemann surfaces, ie, surfaces 

with the empty set D of double points, is contained in both spaces Mg^fj, and 
J ^ 

M-g^/j,, so that the natural projection Mg^^ — Mg^fj, is the identity map on 
■Mg^fj, C Mg n- Let us consider the oriented blow-up at the points of D as 
described in Section 4.3 above. The circles Fj and Fj introduced in (7) serve 
as the boundary circles corresponding to the points di,d^ G D. The canonical 
projection tt: S, which collapses the circles Fj and Fj to the points 

di and dj , induces on Int a conformal structure. The smooth structure of 
Int = S \ D extends to , while the extended conformal structure degen- 
erates along the boundary circles Fj and Fj . Given a decorated nodal surface 
(S, r) , where r = (ri, . . . , Vk) , we can glue F, and Fj by means of the mappings 
Tj, for z = 1, . . . , /c, to obtain a closed surface S^'^ . As it was pointed out in 
Section 4.3, the special circles Fj = {Fj ~ Fj} are endowed with the canonical 
metric. The genus of the surface S^'^ is equal to the arithmetic genus of S. 
There exists a canonical projection p: S^'"^ — > Sd which projects the circle 
Fj = {Fj,rj} to the double point di = {di,dj}. The projection p induces on 
the surface S^'"^ a conformal structure, still denoted by j , in the complement of 
the special circles Fj . The continuous extension of j to S^'^ degenerates along 
the special circles Fj. The uniformizing metric h^'^^^ can also be lifted to a 
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metric on S^'^ = S^'^ \ M. The lifted metric degenerates along each circle 
Fj, namely the length of Fj is 0, and the distance of Fj to any other point in 
S^'^ is infinite. However, we can still speak about geodesies on S^'^ orthogonal 
to Fj . Namely, two geodesic rays, whose asymptotic directions at the cusps dj 
and are related via the map , correspond to a compact geodesic interval 
in S^''^ , which orthogonally intersects the circle Fj. Notice that the smooth 
structure on the oriented blow up surface with boundary is compatible with 
some smooth structure on S^''^ . Moreover, using the hyperbolic metric one can 
make this choice canonical. However, this smooth structure will be irrelevant 
for us and we will not discuss here the details of its construction. It will be 
convenient for us to view Thin£(S) and Thick£(S) as subsets of S^'^ . This 
interpretation provides us with a compactification of non-compact components 
of Thin£(S) not adjacent to points from M . Every compact component C of 
Thine(S) C S^''^ is a compact annulus. It contains either a closed geodesic Fc, 
or one of the special circles which will also be denoted by F^. This special 
circle projects to a node as described above. The surface S^''^ with all the 
endowed structures and the projection S^'^ Sd is called the deformation of 
the decorated nodal surface (S,r). One can also define a partial deformation 
gD ,r q£ |-g^ j-|y splitting the set D into a disjoint union D = D' U D which 
respects the pairing structure, and then applying the above construction to D' 
while adjoining D to the set M of the marked points. 

^ 

4.5 Topology of spaces A^g,^ and A^^^^ 

In this section we define the meaning of the convergence in the spaces Mg^/j, and 
J 

Mg^n . The introduced topologies are compatible with certain metric structures 


on the spaces Mg,^ and -Mg^^ which we discuss in Appendix B.l. In particular, 
the introduced topologies are Hausdorff. Consider a sequence of decorated 
stable nodal marked Riemann surfaces 

(S„, r„) = {Sn,jn, Mn, D^, r„}, n > 1 . 

The sequence (S„,r„) is said to converge to a decorated stable nodal surface 

{S,r) = {S,j,M,D,r) 

if (for sufficiently large n) there exists a sequence of diffeomorphisms 

^n-. 5^'" ^ 5^"''-" with ^n{M) = Mn 

and such that the following conditions are satisfied. 
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CRSl For every n > 1, the images (pn{^i) of the special circles Fj C S^'^ 
for i = l,...,k, are special circles or closed geodesies of the metrics 
j^j„,MnUDn gD„,r„ _ Moreover, all special circles on S^"'"^" are among 
these images. 

k 

CRS2 hn in C^^ (S^-'' \ (M U (J F^)) , where /i„ = ^;/ii".M„uD„ _ 

1 

CRS3 Given a component C of Thin£(S) C S^'^ which contains a special 

circle Fj and given a point Cj G Fj , wc consider for every n > 1 the 
geodesic arc 5" for the induced metric hn = (^* /ii"'*^"U£'n which intersects 
Fj orthogonally at the point Cj , and whose ends are contained in the e- 
thick part of the metric hn- Then (CCiS^) converges as n — oo in C° to 
a continuous geodesic for the metric h^ which passes through the point 

Ci. 



Remark 4.1 Let us point out that in view of the Uniformization Theorem, 
the condition CRS2 is equivalent to the condition 

k 

V*njn^j inCi-(5^''-\(MuUF,)). 

1 

Moreover, the Removable Singularity Theorem guarantees that the latter con- 
dition is equivalent to 

^*njn^j inq~(5^'^\UF,). 

1 




Figure 4: Illustration for property CR3 

A sequence S„ £ ^g,fi is said to converge to S € -A4g,^ if there exists a sequence 
of decorations r„ for S„ and a decoration r of S such that (S„, r„) converges to 

(S,r) in Mg,^- In other words the topology on Mg.fi is defined as the weakest 

^ ^ 

topology on Mg,ix for which the projection -Mg^^ ■^g,ti is continuous. Note 
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that the convergence in the space Mg^^ can also be defined by the properties 
CRSl and CRS2 above. 

Theorem 4.2 (DeHgne-Mumford [2], Wolpert [28]) The spaces Mg^^ and 
<^ 

■Mg^n are compact metric spaces, and serve as the compactihcations of the space 
■Mg^fx, ie, they coincide with the closure of Mg^/j, viewed as a subspace of Mg^/j, 
and of Mg ^, respectively. In particular, every sequence of smooth marked 
Riemann surfaces Sn = {Sn,jn, Mn) of signature (g, fi) has a subsequence which 
converges to a decorated nodal curve S = (S,j, M, D, r) of signature {g, ji) . 

The next proposition illustrates the geometry of the Deligne— Mumford conver- 
gence in a special case when one varies the configuration of the marked points. 
It follows from the definition of this convergence and from scaling operations 
on the limit surface. 

Proposition 4.3 Let S„ = {Sn,jm Mn, -Dn) be a sequence of smooth marked 
nodal Riemann surfaces of signature {g, /x) which converges to a nodal curve 
S = {S, j, M, D) of signature {g, ji) . Suppose that for each n> 1, we are given 
a pair of points Yn = {yn^ , yn^} C Sn\ (-Mn U Dn) such that 

dist„(2/(i),yi2)) 

n— >oo 

Here dist„ is the distance with respect to the hyperbolic metric h^ri,MnUD„ 
Sn \ (Mn U Dn) ■ Suppose, in addition, that there is a sequence Rn — > oo 

n— >oo 

such that there exist injective holomorphic maps (pn ■ Sn \ {Mn U , 

where Dr^ denotes the disc {\z\ < Rn} C C , satisfying ipn{0) = yn^ and 

(2) 

<Pn{^) = JJn ■ Then there exists a subsequence of the new sequence S'^ = 
{Sn,jn, Mn U Yn, Dn) which convcrgcs to a nodal curve S' = (S", j' , M' , D') of 
signature {g, /U + 2) , which has one or two additional spherical components. One 
of these components contains the marked points y^^^ and y^"^^ which correspond 
to the sequences yn^ and yn^ . The possible cases are illustrated by Figure 5 
and described in detail below. 

Let rn,r be some decorations of S„ and S such that (S„,r„) (S,r). Let 

n^oo 

ifn- S^'^ — > Sn"'^" be the sequence of diffeomorphisms guaranteed by the 
definition of the convergence of decorated Riemann surfaces S„ — >^ S. Let Sd 
be the singular surface with double points as defined in (5), and vr: S^'"^ — > Sd 
the canonical projection. Set Z„ = Tr{ip~^{Yn)) C Sd- Then the following 
scenarios are possible: 
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Figure 5: The possible configuration of spherical bubbles appearing in Proposition 4.3. 



i) The points Zn ,Zn € Zn converge to a point zq which does not belong 
to M nor to D. Then the limit S' of S'^ has an extra sphere attached 
at zo on which there are two marked points y^^\y^'^\ see Figure 5i). 

ii) The points Zn^ , Zn^ G converge to a marked point m G M . In this 
case the limit S' is S with two extra spheres Ti and T2 attached. The 
sphere Ti is attached at its 00 to the "old" m and has m as its 0. T2 
is attached at its 00 to the point 1 G Ti and contains the marked points 
y(^) and y^'^\ see Figure 5ii). 

iii) The points in Z^ converge to a double point d which corresponds to the 
node {x, x'} G D. Then between the nodal points x and x' a new sphere 
Ti is inserted, say attached at its 00 to x and at to x'. At the point 1 
a second sphere T2 carrying two marked points y^^\y^'^^ is attached, see 
Figure 5iii). 
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5 Holomorphic curves in cylindrical almost complex 
manifolds 

5.1 Gromov— Schwcirz and monotonicity 

We begin by recalling two important analytic results about J-holomorphic 
maps (see [8] and [25, 20] for the proofs). 

Lemma 5.1 (Gromov-Scliwarz) Let /: -D^(l) W be a holomorphic disk 
in an almost complex manifold W whose structure J is tamed by an exact 
symplectic form. If the image of f is contained in a compact set K CW , then 



for every k >1 where the constants do not depend on f . 

Note that locally every J is tamed by some symplectic form, and hence Lemma 
5.1 holds for sufficiently small compact sets in every almost complex manifold. 

Lemma 5.2 (Monotonicity) Let (W, J) be a compact almost complex mani- 
fold and suppose J to be tamed by uj . Then there exists a positive constant Cq 
having the following property. Assume that f: {S,j) iW,J) is a compact 
J-holomorphic curve with boundary and choose sq e S \ dS and r smaller 
that the injectivity radius of W . If the boundary f{dS) is contained in the 
complement of the r-ball Br{f{so)) C W , then the area of f inside of the ball 
Brif{so)) satisfies 



5.2 9— equation on cylindrical manifolds 

Let {W = M X y, J) be a cylindrical almost complex manifold and let (^, J^) , 
R G TV and A be the corresponding CR-structure, the vector field transversal 
to and the 1-form on V determined by the conditions ^ = {A = 0} and 
X{R) = 1. Wc will denote by piR and py the projections to the first and the 
second factor of W , and by vr the projection TV — > ^ along the direction of 
the field R. Let us agree on the following notational convention. We shall use 
capital roman letters to denote maps to W , and corresponding small letters for 
their projections to V , eg, if F is a map to W , then pv°F will be denoted by /. 
The M-component p^oF oi F will usually be denoted by a, or aj? if necessary. 



^^/(x)!! < C{K,k) for an x G D'^{1/2), 
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Given a Riemann surface (S, j) , the 5-equation defines the holomorphic maps 
(or curves) F = {a, /) : {W = M x V, J) as solutions of the equation 

TFoj = Jo TF. 

For our distinguished structure J, the equation takes the form 

Trodfoj = JoTTodf 
da = {rX)oj. 

Notice, that the second equation just means that the form f*X o j is exact 
on S and that the function a is a primitive of the 1-form /*Ao j. Thus the 
holomorphicity condition for F = (a, /) is essentially just a condition on its V- 
component /. If / satisfies the first of the equations (8) and the form {u*\) oj 
is exact then the coordinate a can be reconstructed uniquely up to an additive 
constant on each connected component of S . We will call the map / : S — > y 
a holomorphic curve in V if f satisfies the first of the equations (8) and the 
form (/*A) o j is exact. 



5.3 Energy 

A crucial assumption in Gromov's compactness theorem for holomorphic curves 
in a compact symplectic manifold is the finiteness of the area. However, the 
area of a non-compact proper holomorphic curve in a cylindrical manifold is 
never finite with respect to any complete metric. Moreover, in the contact case, 
or more generally in the case when the taming form u> is exact, there are no 
non-constant compact holomorphic curves. We define below another quantity, 
called energy, which serves as a substitute for the area in this case. Suppose 
that the cylindrical almost complex structure J is adjusted to a closed form to. 
Let us define the u -energy E{F) of the holomorphic map F = (a, /) : {S,j) 
(R X V, J) by the formula 

E^{F) = jroj, (9) 
s 

and the A -energy by the formula 

E),{F) = sup [{(f) o a)da A /*A , (10) 

</-gc j 
s 

where the supremum is taken over the set C of all non- negative C°° -functions 
^: M — > R having compact support and satisfying the condition 

J (l){s)ds = 1 . 
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It is important to observe that the a;-energy is additive, while the A-energy is 
not. Finally, the energy of F is defined as the sum 

E{F) = E^F) + Ex{F). 

Note that the a;-energy Ei_j{F) depends only on the F-component / ofthe map 
F . The following inequality is a straightforward consequence of the definition 
of the A-energy Ex{F). 



Lemma 5.3 For any holomorphic curve F = (a, /) : (>S', j) 
any non-critical level Fc = {a = c} , 



X y, J) and 



A 



< ExiF) . 



The adjustment condition implies the following lemma. 



Lemma 5.4 For any holomorphic curve F we have Efjj{F), E\{F) > 0. More- 
over, we have Jg{4' ° (i)da A /*A > for any (p e C. If E^{F) = 0, then the 
image f{S) is contained in a trajectory of the vector field R. 



5.4 Properties of holomorphic cyUnders 

We begin with a version of the Removable Singularity Theorem in our context. 

Lemma 5.5 Let F = {a,f): (D^ \ {0},j) ^ (R x V, J) be a holomorphic 
map with E{F) < oo. Suppose that the image of F is contained in a compact 
subset K of M X y. Then F extends continuously to a holomorphic map 
F: (D^J) -^{RxV, J) with E{F) = E{F). 

Proof Choose (p e C such that (j){t) > for all {t,x) G K. Then, the (not 
necessarily closed) 2-form O = 7r*io + (p{t)dt A A is non-degenerate on K and 
tames J. Thus the energy bound for F implies its area bound, and hence, we 
can apply the usual Removable Singularity Theorem (see for example [27]). □ 

The next proposition, proven in [12, 17] in the non-degenerate case and in [1] in 
the Morse-Bott case, describes the behavior of finite energy holomorphic curves 
near the punctures in the case of non-removable singularities. 
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Proposition 5.6 Suppose that the vector Held R is of Morse, or Morse-Bott 

type. Let F = (a, /) : M+ x M./Z (R x V, J) be a holomorphic map of finite 
energy E{F) < oo . Suppose that the image of F is unbounded inWxV . Then 
there exist a number T 7^ and a periodic orbit 7 of R of period \T\ such that 

\im f(s,t) = -f(Tt) and lim = T in C°°(S^). 

s-*oo S 

Proposition 5.7 Given Eq, e > 0, there exist constants a,c> such that for 
every R> c and every holomorphic cylinder F = (a, /) : [—R, R]xS^ ^M.xU 
satisfying the inequalities 

EojiF) < a and E{F) < Eq, 

we have 

f{s,t)eB,{f{0,t)) 
for all s e [-R + c,R-c] and all t eM. 

More precisely, there exists either a periodic orbit 7 of the vector field R on y 
having period T > such that f{s, t) G Bei^iTt)) or a point p* eRxV such 
that F{s,t) e Bs{p*) for all s G [-R + c,R - c] and all t G R. Hence a long 
holomorphic cylinder having small a; -energy is either close to a trivial cylinder 
over a periodic orbit of the vector field R, or close to a constant map. The 
proof in the non-degenerate case can be found in in [18]. In the Morse-Bott 
case the proof is given in Appendix A. 

5.5 Proper holomorphic maps of punctured Riemann surfaces 

Proposition 5.6 implies: 

Proposition 5.8 Let {S,j) be a closed Riemann surface and let 

Z = {zi,...,Zk} C S 

be a set of punctures. Every holomorphic map F = {a,f): {S\Z,j)^'RxVof 
finite energy and without removable singularities is asymptotically cylindrical 
near each puncture Zi over a periodic orbit 'fi &V . 

The puncture Zi is called positive or negative depending on the sign of the 
coordinate function a when approaching the puncture. Notice that the change 
of the holomorphic coordinates near the punctures affects only the choice of the 
origin on the orbit 7^; the parametrization of the asymptotic orbits induced 
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by the holomorphic polar coordinates remains otherwise the same. Hence, the 
orientation induced on 7j by the holomorphic coordinates coincides with the 
orientation defined by the vector field R if and only if the puncture is positive. 

Remark 5.9 In the situation when F is as in Example 2.2, a holomorphic 

map F = (a, /) : {S \ Z,j) ^ M x V can be extended via the Removable 
Singularity Theorem into a holomorphic map F: S ^ W, where W is the 
projectivization of the complex line bundle associated with the circle bundle 
V ^ M. Punctures Zj are then mapped by F to the divisors of W which 
correspond to 0- and oo-sections Mo,Moo C W . The multiplicity kj of the 
asymptotic orbit of R corresponding to a puncture zj G S equals tj + 1 where 
tj is the order of tangency of F to Mq U M^o at zj . This observation explains 
why the compactness theorems proven in [21, 24, 23] follow from the results of 
this paper. 

In what follows we will only consider holomorphic maps of Riemann surfaces 
which are conformally equivalent to a compact Riemann surface {S,j) with 
punctures Z = {zi, . . . , Zk} ■ Let S"^ be the oriented blow-up of S at the points 
of Z , as it is defined in Section 4.3 above. Thus is a compact surface 
with boundary consisting of circles Fi, . . . , F^. Each of these circles is endowed 
with a canonical 5'"'^ -action and we denote by ipj : — > Tj the canonical (up 
to a choice of the base point) parametrization of the boundary circle Tj , for 
j = 1, . . . , k. Proposition 5.8 can be equivalently reformulated as follows. 

Proposition 5.10 Let F = (a, /) : (S \ Z,j) (R x V, J) be a Gnite energy 
holomorphic map without removable singularities. Then the map f: S\Z ^ V 
extends to a continuous map f: ^ V satisfying 

7Me''))=jj{±Tt), (11) 

where jj : = M/Z V is a periodic orbit of the vector field R of period 
T, parametrized by the vector field R. The sign in the formula (11) coincides 
with the sign of the puncture Zj . 

We will call the map / : — ^ V the compactification of the map / . 
5.6 Bubbling lemma 

Lemma 5.11 There exists a constant h depending only on {V, J) so that the 
following holds true. Consider a sequence F^: = (an, fn) ■ D ^ (Rx V,J) 
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of J holomorphic maps of the unit disc D = {\z\ < 1} C C to V satisfying 
E{Fn) < C for some constant C and such that a„(0) = 0. Fix a Riemannian 
metric on V . Suppose that ||V-F„(0)|| ^ oo as n ^ oo. Then there exists a 
sequence of points y^^ D converging to 0, and sequences of positive numbers 
Cn, Rn — ^ oo as n — oo such that ||yn|| + Cn^Rn < 1 the rescaled maps 

Fn-- £'ii„ = {N<i4}^(Mxy,j), 

converge in C^^{€. ) to a holomorphic map F^ : C ^M.xV which satisGes the 
conditions 

E{F^) < C and E^{F^) > h. 

Moreover, this map is either a holomorphic sphere or a holomorphic plane C 
asymptotic as \z\ oo to a periodic orbit of the vector field R. (To be precise 
we mean in the first case that F^ smoothly extends to S'^ = CU {oo} ). 

For the proof of Lemma 5.11 we shall need the following lemma from [10]. 

Lemma 5.12 Let {X,d) be a complete metric space, f : X — > R be a non- 
negative continuous function, x £ X, and 5 > 0. Then there exist y & X and 
a positive number e < S such that 

d{x, y) < 25, sup / < 2/(y), > 5f{x). 

Be{y) 

Proof of Lemma 5.11 Choose 5„ > such that 

(5„^0, and 5n||VF„(0)|| oo. 

Applying Lemma 5.12, we obtain new sequences j/„ G S and < < 5„ such 
that yn ^ X and 

sup \\VFn{z)\\ < 2\\VFniyn)\\, en\\VFn{yn)\\ ^ oo. 
\z—yn\<e 

Introduce Cn = \\VFn{yn)\\ and Rn = £nCn- Notice that for sufficiently large n 
we have ||y„|| + c~^Rn < 1. We consider the rescaled maps 

F^{z) = Fn{yn + c-'z). 

This sequence has the following properties: 

• sup^^^ ||VFO(z)|| <2, i?„^oo; 

. EiF^)<E{Fn)<C; 
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. ||VFO(0)|| = 1. 



Now, by Ascoli-Arzela's theorem, we can extract a converging subsequence 
and thus we obtain a non-constant finite energy plane . If the image of 
is contained in a compact subset of M x y, then by Lemma 5.5, F^ is a 
holomorphic sphere. Otherwise, we can apply Proposition 5.6 to deduce that F^ 
is converging to an R-orbit 7 for large radius. In both cases there is a constant 
H such that E^^{F^) > h > 0. Indeed, otherwise we could get a sequence F^ 
of holomorphic planes satisfying E^[F'^) ^ as i ^ 00, having a uniform 
gradient bound and normalized by the condition ||V-F*(0)|| = 1. Then Ascoli- 
Arzela's theorem would imply the existence of a non-constant limit holomorphic 
plane : C ^ M x F satisfying E^{F°°) = and E{F°°) <+oo. In view 
of Lemma 5.4 we then conclude that F°°(C ) is contained in a cylinder over an 
orbit of R, and hence must coincide with the universal covering of this cylinder. 
But this is impossible in view of finiteness of the energy E{F°°) . This finishes 
off the proof. □ 

5.7 The symmetric case 

The next lemma shows that for a symmetric J, and in particular in the contact 
case, the energies of holomorphic curves F = (a, /) asymptotic to prescribed 
periodic orbits from V can be uniformly bounded in terms of the relative ho- 
mology class represented by /. 

Proposition 5.13 Let (M x V, J) be a symmetric cylindrical almost complex 
structure adjusted to a closed 2 -form u on V . Suppose that the holomorphic 
curve F: {S\ Z,j) (R x V, J) of finite energy is asymptotic at the positive 

punctures to the periodic orbits Ji, . . . ,^f^ G V and to the periodic orbits 
7^, . . . , 7^ G "P at the negative punctures. Then there exists a positive constant 
C (which depends on J, A, a; but not F ) such that 



In particular, the energies E{F) are uniformly bounded for all F for which f 
represents a given homology class in iJ2(V, [J 7^ U 7^.) . 

Proof First observe that 




(12) 



\rd\\<cru. 



(13) 
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Indeed, in the symmetric case Rj(iA = Rja; = 0, and hence the value of both 
forms on any bivector a is equal to the value of these forms on the projection 
of £7 to ^. But a complex direction of J projects to a complex direction of 
J^, and hence the inequality follows from the Wirtinger inequality due to the 
fact that is tamed by a;|^. Given any function G C we find, using Stokes' 
formula. 



(14) 



J{(poa)daAf*X 


< 




+ 


j ii, o a)rdX 


s 




s 




s 



<E^(7j + / ir^Ai, 

s 

where ip{s) = J 4>{a)da . Using (13) and (14) we obtain 

— oo 

k 

Ex{F) = sup / (0 o a)da A /*A < V 5(7,) + C f f 
4>eC J ^ J 



(15) 
□ 



We will also need the following property of holomorphic cylinders with small 
boundary circles. 

Lemma 5.14 Let Fn = (o„, /„) : [— n,?7,] x 5^ — > M x 1/ be a family of holo- 
morphic cylinders. Suppose that 

EJFn) and lim F^UnxS^ = z±eRxV in C\S^), 

where z± arc two points and where the maps F^ differ from F^ by a translation 
with a sequence of constants. 

En ~ i^n ) fn)- 



Then 



diamF„([— ra, n] x S^)) — > as n — 00. 



Proof The cylindrical almost complex structure J on M x y is tamed by an 
almost symplectic, ie, non-degenerate but not necessarily closed, differential 2- 

form 0, = LO + dg{t) A A, where g: R ^ (0,e) is C°°-function with a positive 
derivative. The Monotonicity Lemma 5.2 implies the existence of a constant 
C > such that for a sufficiently small £ > 0, for every holomorphic curve S 
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and every point x G S such that the ball B^{x) does not intersect the boundary 
of 5 , we have (possibly after translating S along the M-direction) the inequality 



/ 



Sr\Be{x) 



Suppose that diamF„([— n,n] x S^) > (5 > 0. Then there exists a point y„ G 
[— n, n] X such that 

dist {Fn{yn),Fn {d{[-n,n] x S^))) <^-. 
Choosing e < 5/2 we conclude, after possibly translating the cylinder F„, that 

j F:n> I F*n>Ce\ (16) 

[-n,n] X 51 [_n,n] x S^nP-^B, (F„(j/„)) 

On the other hand, by Stokes' theorem, 

I K^= J F*{u, - g{t)dX) + j git)X. (17) 

[-n,n]x5l [-n,n]xSl F„{-nxS'>-UnxS'^) 

The second term on the right-hand side of this equality converges to . On the 
other hand, the symmetry condition and the Wirtinger inequality imply that 

I |F„*dA|<C I F*u;<CE^{Fn)^0 

[—n,n]xS^ [—n,n]xS^ 

as n ^ 00. Hence, the right-hand side of (17) converges to 0, which contradicts 
the positive lower bound (16) and completes the proof of the lemma. □ 



5.8 The contact case: relation between energy and contact area 

We consider in this section the contact case, ie, we assume that the 1-form A 
implied by the definition of a cylindrical structure J is a contact form, and J 
is adjusted to dA = a;. We shall denote the dA -energy Edx{F) by A{F) and 
call it the contact area. 



Lemma 5.15 Let F = (a, /) : {S\ Z,j) ^ (M x V, J) be a holomorphic map. 
Then the following two statements are equivalent, 

(i) A{F) < 00 and F is a proper map; 

(ii) E{F) < 00 and S has no removable punctures. 
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Proof (i) =^ (ii). By properness of F, the limit of the coordinate function a 

near each puncture is either +00 or —00, and hence all the punctures can be 
divided into positive and negative punctures, according to the particular end 
of R X F which the holomorphic curves approaches near the puncture. In a 
neighborhood U of a puncture p, let z he a complex coordinate vanishing at 
p. Let Drip) = {q & U\ \z{q)\ < r} and Cr{p) = dD,f{p) oriented counter- 
clockwise for a positive puncture p, and clockwise for a negative one. Consider 
/ /* A as a function of r . It is increasing and bounded above (rcsp. decreasing 

Crip) 

and bounded below) if the puncture is positive (resp. negative), since dA > 
on complex lines and J d\ < C . Hence Cr (p) has a finite limit for r ^ for 

Drip) 

all, positive and negative punctures. Now, let (6 G C and let € C such that 
(f>n o a = in D\{p) for all punctures p. Such functions exist, by properness 

n 

of F . Moreover, we can choose (;/!>„ so that \\(f) — (j)n\\co < with — for 
n — 00 . We have 

j (0„ o a)da A A = y" F*d{iPnX) - Ji^PnO a)f*dX , (18) 
s s s 

s 

where Vn(s) = / 4'n(,'^)dcr . Notice that ipn o a = 1 in Di{p) when p is a 
-00 

positive puncture and ipn°o, = ^ Di{p) when p is a negative one. By Stokes 

n 

theorem, 

I F*d{^nX) = VunY^ J rX, (19) 

S P Crip) 

where the sum is taken over all positive punctures p. Therefore, 
j{^nOa)da AX = limJ2 J fX- J {^nO a)rdX 

S P Crip) S 

- ^™o5Z / •^*^ <C' <+oo. 



(20) 



P Crip) 



Moreover, 



as n — 00 . Hence, 



J {(f)n o a)da A X ^ J{(f)oa)daAX 
s s 

J{(j)o a)da A A < C", 
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and thus E{F) < J dX + C < oo. (ii) =^ (i). First, we obviously have 

s 

A{F) < E{F) < oo . Moreover, F has only positive and negative punctures by 
assumption, and thus the map F is proper. □ 

The energy and the contact area of a holomorphic map F : {S\Z, j) {RxV, J) 
of finite energy are easily computable in view of Stokes' formula and formula 
(20). The result is as follows. 

Lemma 5.16 Under the condition (i) or (ii) of Lemma 5.15, we denote by 
7i , . . . , 7^ (resp. 7^ , . . . , 7^ j the periodic orbits of R asymptotic to the positive 
(resp. negative) punctures of S . Then, with d\ = u , 

k I 

EUF)=A{F) = J2S{l,)-Y.S(lj) 

k 

E^{F) = Y,S{lj) (21) 

k I 

EiF) = 2^S{jj)-Y,S{Xj)- 

j=i j=i 



6 Holomorphic curves in almost complex manifolds 
with cylindrical ends 

6.1 Energy 

Let (W, J) be an almost complex manifold with cylindrical ends, W = E^UWU 
Ej^, adjusted to a symplectic form u on W. The diffeomorphism : W ^ 

o 

W = IntM^ defined in Section 3.2 allows us to identify J with the almost 

complex structure J = G^J on W ■ Both (equivalent) points of view will be 
useful for us. We will denote by J± the cylindrical almost complex structures 
which axe restrictions of J to the ends E± , where E- = {—oo,0]xV- and E^ = 
[0, 00) X V+. We need to generalize the definition of energy for a holomorphic 
curve into an almost complex manifold (W, J) with cylindrical ends, when the 
structure J is adjusted to a symplectic form lo on W . First, we define the 
uj -energy by the formula 



EUF)= J j f-^+ j />> (22) 

F-i(W) F-i(E-) F-^{E+) 



Geometry & Topology, Volume 7 (2003) 



830 



Bourgeois, Eliashberg, Hofer, Wysocki and Zehnder 



Ex{F) = sup 



where F\e^ = {a±, f±). Next, we define the A-energy Ex{F) in a way similar 
to formula (10) in the case of cyHndrical manifolds. 

it r \ 

/ (0+ o a+)da+ A /*A + / {(f)- o a-)da- A /*A , 

(23) 

where the supremum is taken over all pairs ((?!>_, ^+) from the set C of all 
C°° -functions ^± : R± ^ R+ such that 

oo 

j (j)-^{s)ds = J (f)-{s)ds = 1. 

-oo 

Finally, the energy of F is defined as the sum 

E{F) = E^F) + Ex{F). 
Similarly to Lemma 5.4 for cylindrical manifolds we have 



Lemma 6.1 For any holomorphic curve F in (W, J) we have 

E^{F),Ex{F)>0. 

Moreover, 

J {(p+ o a+)da+ A /*A > 



and 



J {4>- o a-)da- A /*A > 



for all admissible functions (p± . 



6.2 Asymptotic properties of holomorphic curves 

Straightforward extensions of Lemmas 5.5 and 5.6 allow us to describe the 
asymptotic behavior of / near the punctures of S as follows. 

Proposition 6.2 Let {S,j) be a closed Riemann surface, Z = {zi, . . . , Zk} C 
S a set of punctures, and the oriented blow-up at the points of Z . Any 
holomorphic map F: (S \ Z,j) ^ W of finite energy and without removable 
singularities is asymptotically cylindrical near each puncture zi over a periodic 
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orbit -fi eV = 'P-Ur+. The map = oF: {S\Z,j) ^ W extends to 
a smooth map : —>■ W , so that the boundary circles Fj are mapped to 
orbits 7j G V equivariantly with respect to the canonical action of the circle 
M/Z on Fj and the action of R/Z on ■~fi which is generated by the time 1 
map of the vector Geld TjR if ji G V- and of — TjR if G P+, where 

Punctures associated with orbits from V+ are called positive, while punctures 
associated with orbits from V- are called negative. As in the contact cylin- 
drical case, the conditions of finiteness of the full-energy and the w-energy are 
essentially equivalent. The following statement is similar to Proposition 5.13. 

Proposition 6.3 Let (W, J) be an almost complex manifold with symmetric 
cylindrical ends adjusted to a symplectic form lo . Suppose that a holomorphic 
curve with punctures F : {S \ Z, j) {W, J) is asymptotic at the positive 
punctures to the periodic orbits ji,...,jf, G P+ and to the periodic orbits 
7^, . . . , 7^ G V- at the negative punctures. Then there exists a positive constant 
C (which depends on J, A, a; but not F ) such that 

E{F)<ci J F*uj+ I />+ I r_A+Y,Sm + ^S{2^. 

V-i(Tr) F-HE+) / ^ ^ 

. ^^^^ 

In particular, the energies E(F) are uniformly bounded for all F for which f 
represents a given homology class in -^2 U 7i '-^ U 7 ■) • 

i 3 ~^ 



7 Holomorphic buildings in cylindrical manifolds 

= Rx y 

7.1 Holomorphic buildings of height 1 

We first introduce in a more systematic way the types of holomorphic curves 
needed for the compactification of the moduli spaces of holomorphic curves in 
a cylindrical manifold. Let (5, j, M\J Z,D) be a nodal Riemann surface, such 

possibly confusing difference in signs here and in Lemma 5.6 in the cylindrical 

case is caused by the fact that the action R/Z on Ti is defined by the linear complex 
structure on the plane T^^^S tangent to S at the corresponding puncture. 
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that the set of its marked points is presented as a disjoint union of two ordered 
sets M and Z. The points from Z are called punctures, the points from M 
are called marked points. The set 

D = {di,d^,d2,d2, . . .,ds,dj. 

of special marked points is viewed as an unordered set of unordered pairs. The 
surface S may be disconnected, and the points of any given special pair {di,dj) 
may belong to the same component, or to different components of S". A holo- 
morphic curve F = (a, f) is called the trivial or vertical cylinder if S is the 
Riemann sphere, the sets M and D are empty, the set Z consists of exactly 2 
points and / maps S onto a periodic orbit 7. A nodal holomorphic curve (or 
building) of height 1 is a proper holomorphic map 

F = {aJ): {S\Z,D,M,j)^{RxV,J) 

of finite energy which sends elements of each special pair to one point: 

F{di) = for each i = 1, . . . , s. 

The curve F is called stable in M x if the following conditions are satisfied: 

Stab 1 at least one connected component of the curve is not a trivial cylin- 
der. 

Stab 2 if C is a connected component of S and the map F\c is constant 
then the Riemann surface C together with all its marked, special marked 
points and punctures is stable in the sense of Section 4.4 above. 

Lemma 5.6 and Proposition 6.2 describe the behavior of a holomorphic curve of 
height 1 near each puncture. In particular, one can associate a periodic orbit 
7i G P to each puncture Zj G Z . The coordinate a of the map F tends near each 
puncture either to +00 or —00. Respectively, we call the punctures positive or 
negative, and denote the set of positive resp. negative punctures by Z resp. Z. 
The signature of a holomorphic curve of height 1 is the quadruple of integers 
{g, IJ',p'^ ,p^) , where g is the arithmetic genus (6) of 5", where n = #M is the 
number of marked points, and where p^ are the numbers of positive respectively 
negative punctures. As in the case of Riemann surfaces, a holomorphic curve F 
of height 1 is called connected if the singular Riemann surface So is connected. 
Two nodal holomorphic curves, 

{F,S,j,M,Z,D) and {F' , S' , f , M' , Z' , D'), 

of height 1 are called equivalent if there exists a diffeomorphism ip: 5 — > S" 
such that 

• 'P*j = f 
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• f'°f = f,o,'°'P = 0' + const 

• ip sends the ordered sets M and Z isomorphically to M' and Z' . 

• Id is an isomorphism D ^ D' of unordered sets of unordered pairs. 

In particular, we identify curves which differ by a translation along the R- 
factor. If the curves F and F' are connected, then we can say equivalently 
that we identify the curves which have the same projections / and /' to the 
contact manifold V . The moduli space of stable connected smooth (ie, with- 
out double points) holomorphic curves of signature {g, n,p'^ ,p~) is denoted 
by Mg^n^p+^p-(V) . The bigger moduli space of stable connected nodal holo- 
morphic curves of height 1 and of signature ((7, will be denoted by 
^■^g,n,p+,p- (^) • Unlike the case of Riemann surfaces, the space ^-Mg^^^p+^p- {V) 
is not large enough to compactify A^g,//,p+,p- (^) • For this purpose we need 
holomorphic curves (buildings) of height > 1 discussed in the next section. 

7.2 Holomorphic buildings of height k 

Suppose we are given k stable, possibly disconnected nodal curves of height 1 , 

~ {(^mj fm'i Smi jmi ^mj Zjn = -^m U ^rn) ' — • • • j k • 

k 

Suppose, in addition, that we are given a cross-ordering cr of M = |J Mm, 

rn=l 

which is compatible with the ordering of each individual Mj , but may mix the 
points of different Mj in an arbitrary way. See Figure 6, where the ordering of 
each Mj, i = 1,2, 3, is induced by the natural ordering of the index set. Let 
be the circle compactification of the Riemann surface {Sm,jm) at punctures 
Z^, as described in Sections 4.3 and 4.4 above. We denote by r+ and the 
sets of boundary circles which correspond to the sets Zj^ and of punctures. 
Suppose that for each m = 1, . . . , A; — 1 the number p+ of positive punctures 
of Fm is equal to the number p^+i negative punctures of -Pm+i ? and that 
there is given an orientation reversing diffeomorphism '■ F^ ^m+i which 
is an orthogonal map on each boundary component. Using these maps we can, 
similarly to the construction of the surface S^'^ in Section 4.4, form a piecewise 
smooth surface 

gz,^ = 5f 1 u 5f 2 U . . . U 5f . 

The sequence F = {Fi, . . . ,Fk} of holomorphic curves of height 1, together 
with the decoration maps $ = . . . , and the cross-ordering a is 

called a holomorphic building of height (or level) k, if the compactified maps 
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M3 = {Z2,Z5,Z6} 



M2 = {Z1,Z7} 



Ml = {Z3,Z4} 



M = Ml U M2 U M3 = {^1, 2:2, . . . , zr} 
Figure 6: Holomorphic building of height three with an ordered set of marked points 

fm '■ — y fit together into a continuous map / : S''^'* — > V . This property 
implies, in particular, that for m = 1, . . . , A: — 1, the curve Fm at its positive 
punctures is asymptotic to the same periodic orbits as the curve Fm+i at its 
corresponding negative punctures. Two holomorphic buildings of height fc, 
namely (F, $,0-) and (F',$',(t'), where 

(F, cj) = ({Fi, F2, . . . , Ffe}, {$1, . . . , a) , 

Fi = {ai,fi;Si,,ji,Mi,Di,Zi), ior i = I, . . . ,k, 



and 

(F', a') = {{Fi,Fi, F^, {$;,..., ^'}) , 

Fl = (a^, fl- Si, Mi D'„ Zi),ioii = l,...,k, 

are called equivalent if there exists a sequence (p = {ipi, . . . , ipk} of diffeomor- 
phisms having the following properties, 

• , for m = 1, . . . , fc, is an equivalence between the height 1 holomorphic 
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buildings 

P'm ~ {,(^mi frrn SfYii jmi ZfYi) and 

■pi / / J*/ . Qt •/ jltI 7-\/ yt \ 

"m x'^mi Jm^ '^m^ Jrm ^^^mi ■^ml'> 

• ip commutes with the sequences $ and of attaching maps, ie, 

^m+l o V'm = Vm+l ° ^m, for m = 1, . . . , A; - 1 , 

• (p*a = a' . 

Additionally, we identify holomorphic buildings which differ by a synchronized 

re-ordering of the pair of the sets Z„i and :2m+i for 1 < A; < m. To keep the 

notation simple we will usually drop the cross-ordering a from the notation 

and will write {F, $) for a holomorphic building of height k. The main points 

to remember are the following. First of all the union of marked points coming 

from the various levels is ordered. Secondly, the union of the negative punctures 

on the first level and the positive punctures on the highest level are ordered. 

Thirdly, there is a compatibility between two consecutive levels in the sense 

that asymptotic limits match (as specified by the decoration map The 

genus g oi a height k building {F, $, a) is by definition the arithmetic genus 

of S^'*. Its signature is defined as the quadruple {g, fi,p~ ,p'^) , where is 

k 

the total cardinality of the set M = (J Mj and p'^ = p'^ and p" = Pi ■ Note 

1 

that ii If = {p-i, . . . ,ipk} is an equivalence between (F,^) and then 
the homeomorphisms ipm '■ Sm , for m = 1, . . . ,k ~ 1 , fit together into a 

homeomorphism Ip: S^'^ (5")'^ '* between the two surfaces'^ 

qZ,^ qZi i I qZ2 



and 



sf' u s;^u ... u sf' 



^s'f'^' = {s[f'^uis',f^u... u {S',Y 



It is also useful to note that in the cases in which all the curves F„i, for 
m = 1,. . . ,k, are connected, or in which they are disconnected but have ex- 
actly one component different from a trivial cylinder, one can define the holo- 
morphic building of height k purely in terms of their F-components fi, . . . , fm 
of the maps Fi, . . . , F^. The stability condition for F means the stability of all 
its components Fi , . . . , . The moduli space of equivalence classes of stable 



^Thc converse, however, is not true unless the asymptotic orbits associated with the 
punctures are simple. 
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7i 72 74 77 




Figure 7: Holomorphic building of height 4 

holomorphic buildings of height k and signature {g, ii,p^ ^p") is denoted by 
We set 

oo 

fe=i 

and 

p-,p+>0 
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With each holomorphic building 

(F, a) = ({Fi, F2, . . . , Ffe}, {$1, . . . , a) , 

Fm = iflrm fm'i Sm,3m-i ^mi Dm, Zm = Zm U Z_^) , for m = 1, . . . ,k, 

of height A; we can associate the underlying nodal Riemann surface 

(k k k k-l \ 

|J(^m, jm), M = (J M„ U U Zfc, L> = U L>„ U U (Z„ U Z^+l) . 
1 1 11/ 

Here we treat the punctures from Zy and Z^ as extra marked points, while 
the set Zi U ^2 U • • • U U Z;;. as additional special marked points where 
the puncture z G -Zj is coupled with the puncture z G Z_^j^i , i = — 1, 

if the map maps the compactifying circle associated with the puncture 
1 onto the circle associated with z_. The ordering of M is given by a, 
rather than the natural ordering of the union of ordered sets Mi , . . . , Mfc . The 
maps $i define the decorations at these double points in the sense of Section 
4.4 above. Hence, S^? is partially decorated, and in the case when each of 
the height 1 nodal curves Fm, for m = 1, . . . ,k, forming F, is equipped with 
its own decoration r^, the Riemann surface Sp gets a full decoration rp,^ = 
{ri, . . . , Tfe, $1, . . . , <&fc} . It is important to realize that the stability of the curve 
F does not guarantee the stability of the Riemann surface S p . However one can 
always add a few marked points to some of the sets Mi in order to stabilize the 
Riemann nodal surface S' = Sp' which underlies the new holomorphic building 
F'. 

7.3 Topology of 

The notion of convergence in M.g^fi^p_,p^(y) which we define below is compati- 
ble with the metric space structure on defined in Appendix B.2. 
In particular, the topology introduced here is Hausdorff. Suppose that we are 
given a sequence 

(Fi,$i) G Mg^^^p_,p+iV), for i > 1, 

of holomorphic buildings of height < k. The sequence (Fj,<I>j) converges to 
a building (F, <&) G ■M.g^^^p_^p_^_(V) of height k if there exist sequences of 
extra sets of marked points for the buildings (Fj,$i) and a set M' of extra 
marked points for the building (F, $) , which have the same cardinality N and 
which stabilize the corresponding underlying Riemann surfaces, and such that 
the following conditions are satisfied. Let 

(Sf„ rF,,$J = {Si,ji, Mi U Ml, Di,ri) 
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and 

{SF,rF,^) = {S,j,MUM',D,r) 
be the decorated stable nodal Riemann surfaces underlying the curves 

{Fm,^m) and 

with extra marked points. Then there exist difFeomorphisms (fi : S^''^ S^^''^^ 
with (pi{M) = Mi and (pi{M') = M[ which satisfy the conditions CRS1-CRS3 
in the definition of convergence of Riemann surfaces and, in addition, the fol- 
lowing conditions. 

CHCl The sequence of the compactified projections /j o : 5^'^ — V 
converges to / : S^'^ V uniformly. 

CHC2 Let us denote by C; the union of components of S^'^ \ \J which 
correspond to the same level I = 1, . . . ,k oi the building F. Then there 
exist sequences of real numbers c^, for ^ = 1, . . . , A; and i > 1, such that 
{aiO(pi-a- c^Iq ^ in the Cj^^ -topology. 

The C|^j, -convergence in CHC2 can be equivalently replaced by the C^^- 
convergence in view of the elliptic regularity theory. 




Figure 8: The map /: 5^''' ^ V 
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8 Holomorphic buildings in manifolds with cylindri- 
cal ends 

8.1 Holomorphic buildings of height 

We now generalize the notion of a holomorphic building to the case, in which 
the target manifold has cylindrical ends, rather than being cylindrical. A nodal 

holomorphic curve in , or a holomorphic building of height 1 is defined sim- 
ilarly to a nodal curve of height 1 in a cylindrical manifold, ie, it is a proper 
holomorphic map 

F = {S\Z,j,D,M)^iW,J) 

of finite energy which sends elements of every special pair to one point, ie, 
F{di) = F{dj) for z = 1, . . . , s. Suppose that we are given: 

(i) A holomorphic building of height fc+ in the cylindrical manifold R x V+ : 

{F+, = ({Fi, ^2, . . . , Ffc J, {$1, . . . , <i>k+-i}) 
Fi = {ai,fi;Si,ji,Mi,Di,Z_iUZi), for f = 1, . . . , A;+ . 

(ii) A holomorphic building of height k- in the cylindrical manifold M x : 

$-) = , F_k.+i, F^i}, , . . . , $_2}) 

Fi = {ai,fi;Si,ji,Mi,Di,Zi\JZi), for i = -k-, . . . ,-1. 

(iii) A nodal holomorphic curve {Fq, Sq, Dq, Mq, Z_q{J Zojjg) in {W,J). We 
denote by Fj^ the sets of boundary circles which correspond to the punc- 
tures Z_Q and Zq. 

(iv) An ordering of (J Mi which is compatible with the ordering of each in- 

k- 

dividual Mj but not necessarily respecting the numbering of the sets 
Mk_,...,Mk+. 

Suppose that 

• the number of positive punctures of Fq is equal to the number p^ of 
negative punctures of Fi , 

• the number of positive punctures of F_i is equal to the number p^ 
of negative punctures of Fq , 

• for m = —1,0 there is given an orientation reversing diffcomorphism 

: r+ — > r^_|_j^ which is orthogonal on each boundary component. 
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RxV+ 



W 



RxV- 



RxV- 



Figure 9: Holomorphic building of height 2|1|1 



Let 5° = 5*^° be the oriented blow-up of Sq at the punctures from Zq , and let 
the surfaces 



S+ = S 



-sf' u u . . . ^ u Sj^l+ 



s- = s 



=s 



*1 

-k- 



u s 



*2 *fc+-l 



-1 



u 



.. U S^7^ 

*-2 



(25) 
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be defined as in Section 7.2. Gluing S and 5° by means of and and 
5+ by means of $o we obtain the piecewise-smooth surface 

S = S- U 5° U 5+ . (26) 

3>_i <I>o 

The last condition in the definition of a building in W of height A;_|1|A;+ can 
now be formulated as follows: 

(v) for a sufficiently small S > the maps 

7~ : ^ F_ , G^oF'^: 5° ^ W, and J'^ : S+ ^ V+ 

fit together into a continuous map F: S ^ W. 

We will also say sometimes that a holomorphic building of height 1 1 1 con- 
sists of 3 layers, namely the lower layer is a holomorphic building F- of height 
k- , the main layer is a holomorphic curve Fq ( of height 1 ) , and the upper 
layer is a holomorphic building F^ of height k^. The equivalence relation 
for holomorphic buildings of height A;_ 1 1 1 /c+ is defined similarly to buildings in 
cylindrical manifolds except that there is no translation to be quotient out in 
the central layer. As in the cylindrical case the genus g of the building {F, ip) 




Figure 10: The maps / , o F° and / for a continuous map F: S ^ W 

of height A;_|l|/c-|- is by definition the arithmetic genus of S. Its signature is 
defined as the quadruple {g, IJ',P~ ,p^) , where n is the total cardinality of the 
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set M = Mi , and where p'^ = and p = p_f,_ ■ The energies E{F) , 
Ex{F) and E^{F) of a curve F of height are defined by the formulas 

k+ 

E^{F)=Y,MFi) 

(27) 

Ex{F)= max Ey,{Fi) 

— K— <«<fe+ 

E{F) =Ex{F) + E^{F) . 

A holomorphic building {F~ ,F^^F^) of height A;+|1|A;_ is called stable if all 
its three layers, 

• the height A;+ building in M x V+ , 

• the height fc_ building F~ in M x y_ and 

• the curve F^inW, 

are stable. Here the map Fq into W is called stable if for every component 
C of the underlying Riemann surface either the restriction Fq\c is non 
constant or in case Fq\c is constant, then C, equipped with all its marked 
points from Dq U Mq and all its punctures from Zq, is stable. Equivalcntly, 
this requires that the automorphism group of every component of Sq equipped 
with all its distinguished points, is finite. The moduli spaces of holomorphic 
buildings of signature {g, n^p" ,p'^) and height in (W, J) is denoted by 

We set 

k- 



p-,p+>0 
fc_,fc+>0 
p-,p+>0 



(28) 



8.2 Topology of M,,^(W, J) 

In this section we will spell out the meaning of convergence of a sequence of 
smooth curves 

G Mg,^{W, J) = *'-'^+Mg,^,{W, J), with fc- = = 

for > 1 , to a building 

F = ({F_fc_, . . . ,Fo, . . . . . . ,$o, • • • ,^'fc+}) 
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from '^~''^+M.g^n^p-^p+{W, J). A more general definition of convergence in the 
case m which F^'^) is a sequence of holomorphic buildings from 

Q<i<k- 
0<j<k+ 

is similar and left to the reader. The sequence F^*^) converges to F if there exist 
sequences M^'^) of extra sets of marked points for the curves F^'^^ and a set M 
of extra marked points for the building F which have the same cardinality N 
and which stabilize the corresponding underlying Riemann surfaces such that 
the following conditions are satisfied. Let = M^'^)) be Riemann 

surfaces underlying F^'^^ with the extra marked points M^'^^ , and (S, be the 
decorated Riemann surface underlying the building F with the extra set M of 
marked points. We consider, as in (26), the surface 

s = s- U 5° U 5+ = s^t"- U s^t"-^' U . . . U 3^"+ . 

with a conformal structure j which is degenerate along the union T of special 
circles. Let F: S W he the map described in part (v) of the definition of a 
holomorphic building of height A;_|1|A;+. We also abbreviate 

Si := (S* \ r) n Si for i = — fc_, . . . , fc+ . 

Suppose that there exists a sequence of diffeomorphisms (pk- S —> S^''^ which 
satisfies the conditions CRS1-CRS3 in the definition of the convergence of dec- 
orated Riemann surfaces in section 4.5, and require, in addition, the following 
conditions. 

CHCEl For sufficiently large k > K , the images F^'^'^ o tpklg. for i = 
— /c_ , . . . , — 1 , are contained in the cylindrical end , and the the images 
F^^^ ° ^k\s- for i = 1, . . . , fc+ , are contained in the cylindrical end of 
the manifold W . 

CHCE2 There exist constants c\'^^ for i = — A;_, . . . , — 1, 1, . . . , A;+ and k > 
K, such that F> o(pk\s converge to Fi uniformly on compact sets, where 
Ft' = iof\fh and ^Ft' = (af ) . 

CHCE3 The sequence o o(pk- S^W converges uniformly to F . 

Note that the space Mg^^iW, J) can be metrized similar to the way it is done 
in Appendix B.2 below for the moduli spaces of holomorphic buildings in cylin- 
drical manifolds. For different values of the spaces Mg^n^p-^p+{W, J) are 
disjoint open-closed subsets of Aig^i^{W, J) . 
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9 Holomorphic buildings in split almost complex 
manifolds 

9.1 Holomorphic buildings of height V 

Let us recall the splitting construction from Section 3.4. We begin with a closed 
almost complex manifold (W, J) , cut it open along a co-oriented hypersurface V 

o 

to get a manifold W with two new boundary components V, V" diffeomorphic 
to V , and attach to V' and V" cylindrical ends, thus obtaining a manifold 
with cylindrical ends of the form 

= (-00, 0] X F u w U [0,+oo)xy. 

OxV=V' V"=OxV 

Of course, the manifold W is diffeomorphic to W \ V . The almost complex 
structure J canonically extends to Pt^ as an almost complex structure J which 
is translation invariant on the ends. A holomorphic building {F, $) of height 

V in the split manifold [W, J) is determined by the following data: 

(i) a height 1 holomorphic curve (building) Fq in (W, J) ; 

(ii) a height ko holomorphic building 

(F',cl.') = ({Fi,...,FfcJ,{$i,...,$fc„_i}), 
Ft = {ai, fi\ Si,ji, Mi, Di,Z^U Zi), for i = 1, . . . , feo, 
in (M xV,J); 

(iii) orientation reversing diffeomorphisms $o ■ ~^ and '■ ~^ 
Tq , orthogonal on each boundary component; 

feo 

(iv) an ordering of IJMj which is compatible with the ordering of each in- 



dividual Mj but not necessarily respecting the numbering of the sets 
Mo,...,Mk,. 

Using blow-up at the punctures and identification of the boundary components 
by means of the mappings , we define the following surfaces: 

s' = 5f ^ us^^u ... u 



*2 *fco-l 



S = s' U 5°. 
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Figure 11: Holomorphic buildings of height V. The parts in the two pieces of the main 

layer arc parameterized by Sq , the two levels of the insert layer are parameterized by 
and S2 

_ fco 

The last requirement in the definition of the holomorphic building of height V 
is the following: 

J. o 

(v) the maps /' : S' ^ V and G oFq: Sq —>■ W &t together into a continuous 
map F: S ^ W . 

The holomorphic building has two layers: the main layer Fq, and the insert 
layer (F', <!>'). The equivalence relation for holomorphic buildings of height 
A:_|l|/>;-|- is defined similarly to buildings in cylindrical manifolds except that 
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there is no translation to be quotient out in the insert layer. The holomorphic 
building {F, $) is said to be stable if all its layers are stable. The moduli spaces 

of holomorphic buildings of signature [g, jj) and height V in the split manifold 

{W, J) is denoted by ^°Mg,^{W, J). We set, recalling section 3.4, 

feo>0 

A1s,m(W^'°'°°\^'°'°°^)= U ^oAW^n (29) 

Te[o,oo) 

A^g,M(^^'°'"Ut°'~') = yWs,M(W^[°'~\ J[°'°°^) UA^g,^(W^, J). 

The space can be topologized by introducing a metric sim- 

ilar to the way it is done in Appendix B.2 for the case of holomorphic buildings 
in cylindrical manifolds. The formula for the distance between a holomorphic 
curve (F, $) in {W^ , J^) and a holomorphic curve (F', $') in {W^ , ) must 

contain the additional term ^ ^ 



. Let us spell out the meaning of the 

convergence in this topology, of a sequence F^'^^ of stable holomorphic curves 

into a sequence of almost complex manifolds (W^ , J^) degenerating into the 
split almost complex manifold {W , J). We say that a sequence of stable holo- 
morphic curves F^'^) into (M/^J^) converges to a stable level /cq holomorphic 

building (F, $) of height V in the split manifold {W, J) if there exist 

• extra sets of marked points M^^) and M of the same cardinality, which 
stabilize the Riemann surfaces which underly the holomorphic curves F^*^^ 
and the holomorphic building (F, , 

• a sequence of diffeomorphisms : S* — > S^''^ , 

• sequences cf'^ G M, for i = 1, . . . , A;o > 

such that the conditions CRS1-CRS3 of the Delignc-Mumford convergence in 
Section 4.5 are satisfied and such that, in addition, the following conditions are 
met, 

(k) 

CHCSl Fq o (fklg^.^ converges to Fq uniformly on compact sets, 

CHCS2 for sufficiently large /c > i^, the images F^^''o(y3^ I ^ for i = 1, . . . , fco ) 
are contained in the cylindrical portion [—k, k] x V of , 

CHCS3 (cj'^^ + Ofc o y^k, fk ° 'Pk)\s- converge uniformly on compact sets to 
Fj for i = 1, . . . ,fco- 
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9.2 Energy bounds for holomorphic curves in the process of 
splitting 

Suppose now that W is endowed with a symplectic structure uj compatible with 
J, and that the splitting along V is adjusted to lo. The energy, and co-energy 

of a holomorphic building of height V in a split almost complex manifold is 

naturally defined by the formulas 

E^F) =E^{Fo) + E^{F') 

Ex{F)=majK{Ex{Fo),Ex{F')) (30) 
E{F) =Ex{F)+EUF). 

So far we never specified the symplectic forms on the faniily of almost com- 
plex manifolds (W^ , J"^) converging to the split manifold {W, J). This can be 
done but only in such a way that in the limit the symplectic structure either 
degenerates or blows up. Instead, we slightly modify the notion of energies for 
holomorphic curves in {W'^,J'^). Let us recall that 

= WUlr, 

where I-r = [— r, r] x V . Given a holomorphic curve F: {S,j) {W'^,J'^) we 
define its w-energy as 

EUF)= J F*u+ j F*p*yu, 
where pv is the projection It = [—t,t] x V ^ V . We also define 



ExiF)= sup J (0 o o A A, 



F{S)nir 

where is the projection 1^ = [— r, t] x V ^ [— r, r] , and the supremum is 
taken over all function cf): [— r, r] — R+ with J^^t-t] 4>{'t)dt = 1. Finally, we set 

E{F) = Ex{F) + E^{F) . 

With these definitions we immediately get 

Lemma 9.1 Given a sequence of holomorphic curves 

in {W'',J'') which 

converges to a holomorphic building F in the split manifold {W, J) , then 

lim ^,(f(*^)) = £;,(f). 

fc^oo 
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It turns out that a uniform bound on the w-energy automatically implies a 
uniform bound on the full energy. 

Lemma 9.2 There exists a constant C which depends only on {W, J) , V and 
A such that for every r > and every holomorphic curve F : {S, j) {W'^, J'^) , 

E{F) < CE^{F). 

o 

Proof Let us denote V+ = V x t C = WU[—t, t]xV . We will show that 
there exists a constant K such that for any r > and any holomorphic curve 
F: {S,j) {W^,J^) we have 

J a| < KE^{F) . (31) 
F-i(y+) 

Take a sufHciently small tubular neighborhood = V+ x [0, 1] of V+ inside 

o 

W, so that V+ = V+xO, and pull-back A to Ug via the projection x [0, e] — 

V+ = y. Let t G [0,1] denote a coordinate in Us which corresponds to the 
second factor and = V-\- x 1. Applying Stokes' theorem we find 



J F*d{tX) = J F*X, 

Is) F-\Vl) 

J F*dX= J F*X- J 



F*dX= J F*X- J F*X. 
F-^Ue) F-^iv;) F-^iV+) 

On the other hand, taking into account that F is J-holomorphic and that oj 

o 

is compatible with J on 1^, we have 

J F*d{tX) <Ki J F*LO, 

F-^Ue) F-i{Ue) 



F*dX 



F-HUe) 



<K2 J F*uj . 
F-Hu.) 



Consequently, 



J F*a| < (i^i + K2) J F*uj < KE^{F) . 



F-i(y+) F-l(C/e) 
Similarly, with the obvious notation. 



F*A 



< KE^{F). 



F-HV-) 
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The rest of the proof fohows the hnes of Proposition 5.13. □ 

10 Compactness theorems 

10.1 Statement of main theorems 

In this section we prove the main results of the paper. 

Theorem 10.1 Let (M x V, J) be a symmetric cylindrical almost complex 
manifold. Suppose that the almost complex structure J is adjusted to the 
taming symplectic form oj. Then for every E > 0, the space M.g,^i{y)^{E{F) < 
is compact. 

Theorem 10.2 Let {W = E- U U J) he an almost complex manifold 
with symmetric cylindrical ends. Suppose that J is adjusted to a symplectic 
form u) on W . Then for every E > 0, the space Mg,ix{W, J) n {E(F) < E} is 
compact. 

Theorem 10.3 Let (W, .J) he a split almost complex manifold which is ob- 
tained, as in Section 3.4 above, by splitting a closed almost complex manifold 
{W, J) along a co-oriented hypersurface V . Suppose that J is compatible with 
a symplectic form u on W , and {J\rxV,^\rxv) satisfy the symmetry condi- 
tion from Section 2.1. Then for every E>0,the space >lp,^(Ty[°'°°l, n 
{E{F) < E} is compact. 

First note that in all three cases it is enough to prove the sequential compactness 
because the corresponding moduli spaces Mg^^iV) are metric spaces. Next, it 
is enough to consider sequences of curves of height k = 1. Indeed, we can handle 
each level separately. Moreover, we can assume all these curves to be smooth, 
ie, having no double points D, because the double points can be treated as 
extra marked points. Finally, the energy bound and the Morse-Bott condition 
guarantee that there are only finitely many possibilities for the asymptotics at 
the punctures, Hence it is enough to prove the following three theorems. 

Theorem 10.4 Let 

Fn = [Fn = {an, fn)', Sn,jn, Mn,Z_^ U Z„) , 
Zn = {(zi)^,...,{Zp+)J = {(ll)n'---' Up-)n}' 
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be a sequence of smooth holomorphic curves in {W = M x V, J) of the same sig- 
nature (g, fi,p~ ,p'^) and which are asymptotic at the corresponding punctures 
to orbits from the same component of the space of periodic orbits V ■ Then 
there exists a subsequence that converges to a stable holomorphic building F 
of height k . 

Theorem 10.5 Let 

Fn = [Fn] Sn, jn, Mn, Z_^U Zn) , 
= , • • • , (V)n} '^n = {Ul)n > • • • > i^p-) n} ' 

be a sequence of smooth holomorphic curves in {W, J) of the same signature 
{g, II, p~ ,p'^) and which are asymptotic at the corresponding punctures to orbits 
from the same component of the space of periodic orbits V . Then there exists 
a subsequence that converges to a stable holomorphic building F of height 
k-\l\k+. 

Theorem 10.6 Let 

Fn = [Fn; Sn,jn, ^n, U Z„) , 
Zn = {(^l)„ , • • • , (V)„} '^n = {Ul)n ' " " " ' (lp-)„} ' 

be a sequence of smooth holomorphic curves in manifolds {W"-, J") converging 
to a split manifold {W, J) . Suppose all the curves have the same signature 

{g, IJ',p~ ,p'^) and are asymptotic at the corresponding punctures to orbits from 
the same components of the space of periodic orbits V . Then there exists a 

subsequence that converges to a stable holomorphic building F of height V . 



10.2 Proof of Theorems 10.4, 10.5 and 10.6 

The proofs of all three theorems are very similar, though differ in some details. 
In each of the four steps of the proof we first discuss in detail the cylindrical 
case, and then indicate which changes, if any, are necessary for the two other 
theorems. 
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10.2.1 Step 1: Gradient bounds 

First, we observe that there is a bound A'^ = N{E) , depending only on the 
energy of the curve, on the number of marked points which should be added 
to stabilize the underlying surfaces S^. Hence, by adding N extra marked 
points we can assume that all the surfaces S„ = = {Sn,jn,Mn,Z_j^ U Z„) 
are stable. Using Theorem 4.2 we may assume, by passing to a subsequence, 
that the sequence of Riemann surfaces converges to a decorated Riemann 
nodal surface 

S = {S,j,M,D,ZUZ,r}. 

Next, we are going to add more marked points to obtain gradient bounds on 
the resulting punctured surfaces. First, we do it in the cylindrical case. We 
continue to write p{x) = injrad(a;) for the injectivity radius. 

Lemma 10.7 There exists an integer K = K{E) which depends only on the 
energy bound E such that, by adding to each marked point set Mn a disjoint 
set 

Yn = • • • , ^} CSn = Sn\ (M„ u z^u z^) 

of cardinality 2K , we can arrange a uniform gradient bound 

\\'7Fn{x)\\<-^, xeSn\Yn (32) 

where the gradients are computed with respect to the cylindrical metric on 

M X V associated with a fixed Riemannian metric on V , and the hyperbolic 
metric on Sn\Yn, and where p{x) is the injectivity radius of this hyperbolic 
metric at the point x G 5^ \ y„ . 

Proof Suppose we are given a sequence of points Xn^ G Sn which satisfies the 
property 

hm p(xW)||VF„(xW)||^oo. 

n— >oo 

By translating the maps F„ = {an, fn) along the R-f actor of M x F we can 
arrange that a„(xn^) = for all n. There exist (injective) holomorphic charts 
i/jn- D ^ Vn C Sn with '(/'n(O) = Xn'* and with 

for two positive constants Ci, C2. This can easily been seen by taking funda- 
mental domains in the hyperbolic upper half-plane uniformizing components 
of the thin part of Sn- Then we have ||V(-Fn o (0)|| ^ 00 as n — > 00 and 
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hence, using Lemma 5.11 we conclude that there exist sequences yn^ and 
Cn, Rn ^ oo as n— *-oo such that the rescaled maps 

where 



converge to a holomorphic map Fqo satisfying E{F(x,) < C and E^^{F(x,) > h. 
Here D^i denotes the disc {\z\ < R} C C . Moreover, this map is either a 
holomorphic sphere or a holomorphic plane C asymptotic as \z\ — ^ oo to a 
closed R-orbit. Let us choose a sequence Un^ = yn^ + G D and set 

yn^ = Tpniyn^), = ipn{un^). Tlicn ijn^ and are distinct points in 
'^n{DR„) C Vn, and distn{yn \ UrP ) 0, where dist„ is the distance func- 

n — >oc 

tion on Sn defined by the hyperbolic metric fijn,MriUZ_^uZn ^ Thus according 
to Proposition 4.3 (a subsequence of) the sequence of marked Riemann sur- 
faces Sn ^ = {Sn,jn, Mn U {yn\un^},Z_^ U Zn) Converges to a nodal decorated 
Riemann surface S^^) obtained from S^^^ = S by adding one or two spher- 
ical components. Figure 12 illustrates a possible scenario, while all possible 
cases are illustrated by Figure 5. Note that by construction exactly one of 
these components contain the marked points y^^^ and u^^^ , which correspond 
to the sequences yn^. This bubble serves as the domain of the map F^, 
and thus have the a; -energy concentration for large n exceeding h. Set now 




Figure 12: The surface S^^^ a spherical bubble containing the points y^^^ and u^^^ 

Mn^ = Mn U {j/(^),it(^)} and repeat the above analysis for the sequence of 
holomorphic curves 

F(f) = (f„ = (an,/n);5n,jn,M«,Z„UZ„) . 
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If the inequality (32) does not hold for the hyperbolic metric on 
then we repeat the above bubbling-off analysis, thus constructing: 

(2) ■ (2) 

• a sequence of points Xn & Sn having the property 

Jini^p(42))||VF„(42))||^oo. 

(2) (2) " (2) (2) 

• holomorphic charts ipn • D ^ T>n C Sn satisfying ipn (0) = Xn and 

cfV(xf)<l|vV'(f)||<cfp(4^)), 

(2) (2) 

for two positive constants C{ , . 

(2) (2) (2) 

• sequences and ok' ,E^' oo as n ^ oo such that the rescaled 



maps 



where 



V Cn' 

converge to a holomorphic map F^^'^ satisfying 



E{F^^) < C and E^F^^) > h. 
Notice that there exist sequences Kn^ , Kn^ oo satisfying 

n— >oo 

K'^^KB^ and K^^~^<R^^\ 

such that the discs ?/'„(I> (i)) and '^n\D„{2)) do not intersect. Indeed, for 
any fixed K > Q the gradients ||VF„|| are uniformly bounded on ipniDx) and 

(2) 

go to OO as n — OO on ipn {Dk)- Set 

Then the sequence 

F(f) = (f„ = (a„,/n);5„, j„,M(2) = M« U 4^) } , u Z,) . 

has in the limit an extra bubble F^ disjoint from f!^ = Fo^ whose energy 
satisfies E^{Fso ) > h. Hence, the uniform bound on the w— energy guarantees 
that, after adding finitely many pairs of marked points 

Un 1 ""n 1 • • • 1 tin i ""n i 
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the inequality (32) holds true for the hyperbolic metric /t-?"'^" uz„uz„ ^ -^^here 
Mn^-* = M„ U {yn^ , Un^ , • • • , Vn^^ , Un^^ } • The proof of Lemma is complete. □ 

Case of manifolds with cylindrical ends and the splitting case 
Lemma 10.7 has obvious analogues in these two cases. In the case of mappings 
to a manifold W with cylindrical ends the gradients should be computed with 
respect to a fixed metric on W which is cylindrical at the ends. In the splitting 
case the gradients are computed with respect to a sequence of metrics on the 
target manifold which arise in the process of splitting. These metrics have 
longer and longer cylindrical inserts. The proof works without any serious 
changes, except that one needs to analyze separately the case in which the 
sequence F„(.x„) stays in a compact subset of W and the case in which (a 
subsequence of) it is contained in the cylindrical part. In the second case the 
proof is identical while in the first case it does not make sense, and there is no 
need to shift the map in order to fix its M-component. 

10.2.2 Step 2: Convergence of Riemann surfaces and convergence 
away from nodes 

This step is common in all three theorems. 

We will assume from now on that we added enough extra marked points to 
stabilize the underlying surfaces and to ensure the gradient bounds (32). 
Then using Theorem 4.2 we may assume, by passing to a subsequence, that 
the sequence of Riemann surfaces S converges to a decorated Riemann nodal 
surface 

S = {S,j,M,D,ZUZ,r}. 

Prom section 4.5 we recall that in our situation, where = and where 
M„ U Zn and M U -Z^ in abuse of notation are again denoted by M„ and M , 
this means the following. There exists a sequence of diffeomorphisms 

cpn-. S^'' ^ Sn with cpn{M) = M„ 

having the following properties. 

• There exist disjoint closed geodesies F" for i = l,...,k on Sji 

with respect to the hyperbolic metrics /i-'"'^", for all n > 1, such that 
Fj := (^~^(F^) are special circles on S^''^ \ M . 

. <^;j„^iinC-(5^.'-\UF,). 

1 
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• Given a component C of Thin£(S) C S^''^ which contains a special circle 
Fj and given a point q G Tj , we consider for every n > 1 the geodesic arc 
(5" for the induced metric /i„ = <^*/i-'"'^" which intersects Tj orthogonally 
at the point Cj , and whose ends are contained in the e -thick part of the 
metric /t„. Then {C D Sf) converges as n — oo in C° to a continuous 
geodesic for the metric which passes through the point q . 

In addition, according to Lemma 10.7 we may assume that 

||V(F„o^„)(x)|| < xG 5\|Jri. 

These gradient bounds allow to apply locally the Gromov-Schwarz Lemma 5.1 
to conclude uniform bounds for all derivatives of F„ o <y9„ on the £-thick part 
on Thick£(S) for every e > 0, and therefore Ascoli-Arzela's theorem allows us 
to extract a subsequence converging in on 5 \ (JFj = (JThick£(S).^ 



10.2.3 Step 3: Convergence in the thin part 

Cylindrical case Let us denote by Ci, . . . ,Cj\[ the connected components of 
5" \ U Lj . We already may assume that the holomorphic maps F„ o cp^ converge 
on each component Cj for i = 1,... ,N. Our next goal is to understand the 
asymptotic behavior of the limit map F = (a, /) on the component Cj near a 
node. First, if F is bounded near the node, then, by the removable singularity 
theorem. Lemma 5.5, the map F = (a, f) extends continuously on Ci across 
the node. On the other hand, if F is unbounded near the node, the behavior of 
F is described by Proposition 5.6. Namely, there exists a closed R-orbit 7 G V 
such that the map F is asymptotic to 7 near the node either at the positive or 
at the negative end. Moreover, the map / extends continuously to the circle at 
infinity which compactifies the puncture. 

Behavior near a node adjacent to two components Given a node of S 
adjacent to the two components Cj and Cj, the asymptotic behavior of F on 
the two components might be different at first sight. For example, F could be 
asymptotic to different R-orbits, or F could be asymptotic to an R orbit on 
Ci and could converge to a point on Cj , or it could converge to different points. 
Even if F is asymptotic to the same orbit on Ci and Cj we still have to worry 

''Let us recall that the convergence in cylindrical manifolds is defined up to trans- 
lation along the M-factor. In particular, when the surface 5 \ (jr, is disconnected 
one may need to shift the maps of the sequence restricted to different components by 
different constants. 
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about a loss of a; -energy (which may happen only in the non-contact case), 
and a possible shift in the asymptotic parameterizations of the orbits. To each 
node adjacent to two components, we can associate two asymptotic limits 7+ 
and 7~ , one for each component of 5" \ |J Fj adjacent to the node. Each 7=*= is 
either a point or a periodic orbit from V . The node in question appeared as a 




Figure 13: Node adjacent to two components 

result of the degeneration of a component of the £-thin part of Sn- In other 
words, there exists a component T.^^ of the e-thin part of the hyperbolic metric 
~ ^n^''"'^^" on S = S^'"^ , witli conformal parametrization 

gf,: At, = [-N^,N^]xS'^{T^,jn), 
such that in the C°°(S'^) -sense, 

lini lim o o g^\(±m)xS^ = 1^ , (33) 

£— >0n— ►oo ^ 

where 7^ are either two periodic orbits of R or two points of V. Moreover, 
for any constant K we have 

lim fnO(pnO 5nl(±7V^=F^)x5i = 1^ ■ (34) 

Remark 10.8 It is possible that both orbits 7"^ and 7" may appear at the 

same end of the cylindrical manifold. In this case one of the orbits must have 
an opposite orientation. For the following discussion the orientation of 7^ will 
be irrelevant, and thus it will not be specified it in our notation. 

Note that the parameterizations gf^ can be chosen so that they satisfy the 
gradient bounds 

\\VgUx)\\<Cp{gUx)), 

where the gradients are computed with respect to the flat metric in the source 
and the hyperbolic metric in the target, while the injectivity radius is computed 
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with respect to the hyperboHc metric. Together with the estimate (32) this 
impUes a uniform (ie, independent of n and e) gradient bound 

sup ||V(F„o(^„o5^(x))|| <C. (35) 

Given a sequence ^ let us choose a subsequence e^^ such that 

lim Fu o ipu o qV'" I , „, = 7^ , 

and introduce the abbreviated notation = ' ~ ° ^kT ' ~ 
fkn ° 9kn and F„ = o g^^ , so that we get 

hm /„(±iV„x5^)=7±. 

n— »oo 

For large n, the loops /n|(-|-jv )x5i sufficiently C°°(S'^)-=close to 7^ and 
hence the cylinder fn\[__ff n ]xS^ defines a homotopically unique map ^: x 

[0, 1] ^ V satisfying ^l^i^o = 7^ ^^d ^l^ixi = "y~^ ■ We can assume that the 
homotopy class of <5 is independent of n. In the notation of Section 2.3 we 
distinguish the following two cases, 

CI A5^(7+,7-;<l>) = 
C2 A5^(7+,7-;$) >0. 

Case CI We shall show in this case that 7^ and 7" are geometrically the 
same, and that also their parameterizations are the same. Moreover, we shall 
show that in this case the limit map / extends continuously to the circle F which 
is associated to this node. Assume first that one of the asymptotic limits, say 
7~ , is an R-orbit. Let us show that 7''' is also an R-orbit and 7~(t) = "y~^{t) 
for all t. Indeed, by assumption, Ei^(Fn\^_j:^ ^ j) ^ and E{Fn) < Eq. Thus 
we may apply Proposition 5.7 and find for every cr > a constant c > so that 
fn{s,t) e Ba{fn{0,t)) for ah {s,t) G [—Nn + c,Nn — c] X and n large enough. 
Since fn{^Nn, t) — 7^(t) we conclude that ^^{t) = J~{t) for all t. This also 

n— >oo 

proves that the limit map / continuously extends to the circle F associated to 
this node. Similarly, this time using Lemma 5.14, one shows that if 7" is a 
point, then also 7+ is a point and 7" =7+ = p. Moreover, for large n the 
image Fji{[—Nn,Nji] x S^) is contained in an arbitrary small neighborhood of 
a point p* = {a,p) eRxV. 

Case C2 Assume now AS't^(7+, 7"; $) = S > 0. We point out that the 
uniform energy bound implies a uniform upper bound for the periods of 7^. 
This implies, as we shall first show, an a priori lower bound for S. Namely, we 
have 
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Lemma 10.9 There exists a "quantum constant" h = h{E) > such that 

A5^(7+,7-;a>) >^.5 (36) 

Proof To prove the claim we argue indirectly and assume that we have se- 
quences of orbits (or points) 7^ with bounded periods and holomorphic cylin- 
ders Fn,k ■■ [-Nn,k, Nn,k] X ^ R X V Satisfying 

lim Nn^k = 00 
lim Fn,k{±Nn,k X 5I) = 7± in C°^{S') 

n— >oo 

^SU7^,-f^;^k) = Sk>0 

and 

— > as A; ^ 00 . 

Here ^k is the relative homotopy class of /„ ^ which is well defined for large 
n. Now arguing as in CI we can choose a diagonal subsequence 

which converges uniformly to a trivial cylinder over a periodic orbit 7 , or to a 
point 7 G M X F, in the following sense. There exists a constant c such that 

sup d(fn,kAs,t),-f{tU ^0 

[-N„,kn+c,N„,kn-c]xS^ 

if 7 is a periodic orbit, and 

sup d (F„fc^(s,i), (0,7)) >0 

if 7(t) = 7 is a point. In the latter case we assume the R-component of the 
maps -Fn,jfc„ to be fixed by the condition -Fn,jt„(0, 0) = 0. In the situation where 
7 is a periodic orbit we recall that in view of compactness of V and the Morse- 
Bott condition, the periods of 7^ and 7^ are equal to that of 7 for large 
n . Hence 5k„ = A^^^, (7^ , 7^^ ; (^k„ ) = for large n , in contradiction to the 
assumption. If 7 is a point we arrive at the same contradiction, hence proving 
the claim (36) above. □ 

®Let us recall that we allow the orbits 7^ be oriented by the vector field — R (see 
Remark 10.8). However, we always assume, that their orientation is chosen in such a 
way that AS'a,(7+, 7"; $) > 0- 
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In view of Lemma 5.11 we may assume that the same h also serves as a lower 
bound of the tj-energies of all holomorphic planes and spheres which appear 
as a result of the bubbling off analysis. Let us recall that the inequality (35) 
provides us with the uniform gradient bounds for the maps Fn ■ So, no bubbling 
off can occur anymore. Analogously to the broken trajectories in Morse theory 
and Floer theory we shall sec that the worst which can happen in the limit is the 
splitting of our long cylinder into a finite sequence of cylinders, which, in the 
image under the map meet at their ends along periodic orbits 7 of the vector 
field R. To see this we consider as in Case CI a sequence F„ : [—Nn, Nn] xS^ ^ 




7 7+ 



Figure 14: Splitting of a long cylinder 

M X y of cylinders having uniform gradient bounds and satisfying 
E^{Fn) > h, lim/„|_^^^5i = 7-, lim/nl^^^^i = 7+ . 
Then there exists K„ < Nn such that 

•J[K„,Nr,] 

Then it follows from (34) that Nn — Kn — ^ 00 as n — ^ 00 . Choose a point p„ 
on the circle Kn x and translate the M-coordinate of the map Fn = 
(j^n, fn) ill such a way that cinipn) = 0. By means of Ascoli-Arzela theorem (a 
subsequence of) the sequence Fn converges to a holomorphic cylinder Fqo : M x 
5^ — R X y. If Foo is a trivial cylinder over an orbit 7, or a constant map to 
a point, also denoted by 7, then ASi^^j'^ $) = h, where the homotopy class 
$ is determined by the maps Fn\^j^ n ]xS'^ sufficiently large n. But this 

contradicts the a priori estimate (36). Hence the cylinder F^q is not constant 
and different from the trivial cylinder over a periodic orbit, and hence has energy 
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Euj{Foo) > ^- Consequently, by adding the extra marked points ^(pn) ^ Sn we 
create an additional spherical component C of the limit Riemann surface S. 
The limit map -Foolc uses up more than h of the w-energy. Hence, iterating 
this analysis of long cylinders we arrive at the situation where the case C2 
cannot occur anymore. 

Behavior near a puncture We should also analyze the behavior of F on 
a component of the thin part, adjacent to a marked point (puncture). Fix a 
positive £ < £0 • The corresponding component of the e-thin part of Sn 
admits in this case a holomorphic parametrization 

gn- A= [0,00) xSi^ {TnJn) 

such that for every n there exists a periodic orbit (or a point) 7„ satisfying, in 
the (7°° (5I) -sense, 

lim -Fn|(±s)x5i = In 

where = (an,fn) = Fn o ipn ° 9n- Moreover, due to the compactness of V 
and of the space of periodic orbits of bounded period we can assume that there 
exists a periodic orbit or a point 7 = lim 7^ . We can also assume an analogue 

n— »oo 

to the inequality (35), namely 

sup||VF„(a;)|| <C, (37) 

so that (a subsequence of) the sequence F^: ^4 — M x F , normalized by the 
condition 0^(0,0) = converges in the Cj^-topology to a holomorphic map 
F: A ^ "E. X V asymptotic to a closed orbit, or a point 7. Choose sequences 
N_n,Nn — > 00 and iV„ < A''^, satisfying 



n— >oo 



lim /n|v x5i = 7, lim /nl^v^xSi =7- 

Notice that, given two sequences iV^, n'^ 00 and a constant c > satisfy- 

ing iVn < i^n < i^n + c and iV„ - c < iV^ < ]V„ , we conclude 

lim /n|jv' xSi = 7, lim /nljv' xSi = ^- (^^) 

For large n, the cylinder /nlyy; iv„]x5i defines a homotopically unique map 

$: X [0,1] V satisfying ^Igi^o = 7 and ^l^i^i = 7- As in the above 
analysis of a node adjacent to two components we distinguish the following two 
cases: 

CI' A5',(7,7;$) = 
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C2' AS,(7,7;$)>0. 

Because these cases are essentially similar to CI and C2 we will restrict ourselves 
to the situation in which both 7 and 7 are R-orbits. 

Case CI' Let us show that in this case j{t) = 7(t), t e S^. Indeed, applying 
Proposition 5.7 we find for every e > a constant c > such that 

fn{s,t) e B,{fn{Nn,t)), (39) 

where Nn = , for all (s, t) G [iV„ + c, Nn — c] x and n large enough. 

Clearly, (see (38) above) hm fn{N.n + c,t) = lim fniK.n^'t) = 7(^) and 

n— >oo n— »oo — 

lim fn{Nn - c,t) = lim fn(Nn,t) = 7(t), t G 5^ On the other hand, (39) 

n— >oo 71— >oo 

implies that lim fn.jN +c, t] = lim fn{Nn — c,t). Hence, 7(t) =7(t), t G 5^. 

n— »oo n— >oo 

I II fact, a similar argument implies a stronger statement. Namely, the sequence 
Fn'. A ^ M. X V converges to the holomorphic map F uniformly, ie, for any 
£ > there exists N,K > such that fn{s,t) G (/(s,t)) for ah teS\ 
n>K and s>N. 

Case C2' The analysis of this case is identical to the case C2. 

Manifolds with cylindrical ends and splitting The proof is essentially 
the same as for cylindrical manifolds. The only difference arises when, all the 
images F„([— iV„, N^] x S^) for large n intersect the non-cylindrical part of W . 

In the analysis of Cases CI and CI', when we need to show that if 7" is a point 
then 7+ is the same point, we may use the Monotonicity Lemma 5.2 instead of 
Lemma 5.14. Similarly, the Monotonicity Lemma implies Lemma 10.9 for the 
case when either 7" or 7"*' is a point in the non-cylindrical part. The rest of 
analysis is the same with the only difference, that the notion of convergence in 
the non-cylindrical part does not involve any freedom of translation. 

10.2.4 Step 4: Level structure 

Cylindrical case Let us introduce an ordering in the set of components of 
S \ IJ Fj . Given two components Cj and Cj , we choose two points Xi G Cj and 
Xj G Cj , and define Ci < Cj if 

limsup„^^[a„ o ipn{xi) - o (fnixj)] < 00. 

If Ci < Cj and Cj < Ci , then we write Ci ~ Cj . Clearly, this ordering is 
independent of the choice of the points Xi and Xj . Now, we can label the 
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components Q with their level number as follows. The set of components 
minimal with respect to the above ordering will constitute level 1. Then, after 
removing these components, the set of minimal components will be of level 
2, etc. Clearly, this labelling is constant across nodes that are mapped at 
finite distance. However, it may happen that the level number jumps by an 
integer > 1 across a node in the limit. In that case, we have to insert 
N — 1 additional components between these two components, each of them a 
vertical cylinder over the orbit corresponding to the above node. We can do 
this by adding additional points so that the images under the maps have the 
appropriate behavior. Finally, we remove the marked points that we added 
in all the previous steps of the proof. If level i becomes unstable because of 
this, we remove it and decrease by 1 the labelling of higher levels. Hence, we 
obtain a level structure that satisfies all the conditions for a stable holomorphic 
building of height k in the cylindrical almost complex manifold (M x V, J) . 

Manifolds with cylindrical ends In every component Q we pick a point 
Xi e Ci- We assign to a component Cj the level number if F„ o ipnixi) is 
contained in a compact part of W for all n. This property is independent of the 
choice of the point .Xj. For any other component Ci the sequence _F„ o ipn{xi) 
is contained in one of the end components of W for n sufficiently large, and, 
in particular, F„ o ipn{xi) can be written as (a„ o (pn{xi),fn ° Vn{xi))- Let 
us introduce an ordering on the set of components Ci associated to an end 
component E. We write Ci < Cj if limsup„^(,o[anO(^„(xj) — a„o(^„(a:j)] < oo. 
If Ci < Cj and Cj < Ci, then we write Cj ~ Cj. Clearly, this ordering is 
independent of the choice of the points Xi and Xj . Now, we can label the 
components Ci with their level number as follows. If £■ is a positive end then 
the set of minimal components for the above ordering will be of level 1. Then, 
after removing these components, the set of minimal components will be of level 
2, etc. If E is a negative end then the set of maximal components for the above 
ordering will be of level -1. Then, after removing these components, the set of 
maximal components will be of level -2, etc. Clearly, this labelling is constant 
across nodes that are mapped at finite distance. However, it may happen that 
the level number jumps by an integer N > 1 across a node at infinity. In 
that case, we have to insert iV — 1 additional components between these two 
components, each of them a vertical cylinder over the orbit corresponding to 
the above node. Finally, remove the marked points that we added in all the 
previous steps of the proof. If level i becomes unstable because of this, we 
remove it and for a positive (resp. negative) end decrease (resp. increase) by 1 
the labelling of higher (resp. lower) levels. Hence, we obtain a level structure 
that satisfies all the necessary conditions for a stable holomorphic building of 
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height A;_|1|A;+ in the almost complex manifold W with cylindrical ends. 

Splitting Again choosing in each component Ci a point Xi £ Ci we assign to 
a component Cj the main layer if there exists A^j > such that for sufficiently 
large n we have 

Fn o <fn{xi) e U ([-n, n] \ {-Ni, N,)) xVcW. 

For all the other components FnOipn{xi) is contained inside the cylindrical part 
[— n, n] xV C VF'^for large n, and hence one can define the partial order, and 
after that the labelling of the levels exactly as it was done in the cylindrical 
case above. The proofs of the Theorems 10.4-10.6 are complete. □ 

11 Other compactness results 

11.1 Cylindrical structure over a non-compact manifold 

It is clear that the compactness theorem for holomorphic curves in a cylindrical 
almost complex manifold (M x V, J) fails if V is non-compact and if one does 
not impose some extra conditions on the behavior of J. In this section we 
discuss one type of conditions under which the compactness theorem can still be 
proven. A coorientcd hypersurface S C y is called pseudo-convex if S = M x S 
is a (non-strictly) pseudo-convex hypersurface in the almost complex manifold 

M X y. 

Theorem 11.1 Let (M x V, J) be a cylindrical almost complex manifold as in 
Theorem 10.1, except that V is either 

• compact manifold with a pseudo-convex boundary, or 

• can be exhausted by compact domains with pseudo-convex boundaries. 

Then for every E > 0, the space Mg^^{V) U {E{F) < E} is compact. 

The proof of Theorem 10.1 obviously remains valid here because the pseudo- 
convex surfaces serve as barriers through which holomorphic curves cannot 
escape. 

Here are some situations for which the pseudo-convexity condition for dV is 
satisfied. 
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Examples 11.2 a) If dim V = 3 and if the vector field R is tangent to 

the hypersurfacc S, then T, is pseudo-convex. In fact, S is Levi-fiat in 
this case. It is foliated by holomorphic cylinders M x 7 over trajectories 
7 of the vector field R e TS. 

b) If Ate = 0, then S is pseudo-convex. Again, S is Levi- flat in this case. 
This situation cannot, of course, appear in the contact case. 

n— 1 

c) If V = M^""^ and X = dz + ^ ^idyi — Vidxi is the standard contact 

1 

form, then every geometrically convex (with respect to the standard affine 
structure) hypersurfacc in V is pseudo-convex. 

11.2 Degeneration to the Morse— Bott case 

The Compactness Theorem 10.1 is limited to cylindrical almost complex ma- 
nifolds with fixed lo, J and A, satisfying either the Morse or the Morse-Bott 
condition of Section 2.3. In this section, we will state a compactness theorem 
providing a transition from the Morse to the Morse-Bott case. Wc consider a 
symmetric cylindrical almost complex manifold (M x V, J) satisfying the Morse- 
Bott condition adjusted to a closed form co on V. As in Section 2.3, we denote 
by Nt the submanifolds of V foliated by the T-periodic trajectories of the 
vector field R. Let us fix Tq > 0. Below we construct a special perturbation of 
R so that all but a finite number of closed orbits on Nt for the periods T <Tq 
are destroyed while the remaining closed orbits become non-degenerate. Let us 
choose a smooth function G: F — M having the following properties for all 
periods T < Tq : 

(1) along the submanifolds Nt^ we have (iG(R) = and dG{v) = for every 
vector V normal to Nt with respect to the natural Riemannian metric 
g{A, B) = \{A) ■ X{B) + uj{A, JB) , where A,BeTV, 

(2) the restriction G\nt satisfies the Morse-Bott condition and the critical 
submanifolds of G\nt consist of finitely many closed R-orbits. 

For £ small, consider perturbations 00^, Rg, Jg of w, R and J, which are 
determined by the following properties: 

• UJe= 00 -\- £d{GX) 

• Re JcJe = and A(Re) = 1 

• Jg = J on ^ and J^Mi = R^ . 
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Writing 

= R + eX^ , 

the vector field satisfies \{X^) = so that X^ e ^. Moreover, we have 

X^jLOe = - (Re JCUe -RjWe) 

' 1 (40) 
= --{Kj{u; + edGAX-GedX)) = dG . 

In particular, the trajectories of R which belong to the critical point locus of 
G\nt-, remain periodic trajectories of R^, while all other closed trajectories of 
period < Tq got destroyed, as the next lemma states. 

Lemma 11.3 For every Tq > 0, there exists Eq > so that, if < e < Eq , the 
almost complex structure Je satisfies the Morse condition for all closed Re- 
orbits of period less than Tq . Moreover, every closed Re -orbit of period less 
than Tq corresponds to a critical submanifold of G\nt for some T <Tq. 

Note that in general (X^) j dA / 0, so that the perturbed cylindrical almost 
complex manifold is not symmetric. However, this will not be an issue, because 
it is very close to be symmetric. Hence, the proof of Proposition 5.13 can be 
repeated almost verbatim. In particular, Jg -holomorphic curves asymptotic to 
the closed Rg -orbits 7^^, . . . ,7^ and 7^) • • • corresponding to critical sub- 
manifolds of G\nt and representing a given homology class in i72(V, |j7j U 7^) 
have a uniformly bounded energy. On the other hand, observe that a J^- 
holomorphic curve F , that is asymptotic to at least one closed R^— orbit which 
is not a critical submanifold of some G\nj.-, satisfies 

Ex{F) > To. 

In other words, the J^-holomorphic curves which satisfy the energy bound 
E{F) < Tq are asymptotic only to the non-degenerate trajectories obtained 
by the above perturbation. Let 7 be a closed R-orbit on Nt and As G M. 
Observe that the gradient flow tp^ , s G M , of the gradient vector field VG 
leaves invariant the submanifolds Nt for T < Tq. Moreover, this flow leaves 
invariant also the foliation of Nt into trajectories of R. Let 7 = 7(i) be a 
periodic trajectory of R of period T which is not critical for G. For As > 
we define the cylindrical gradient trajectory Gj^As '■ [0; ^s] x ^ V hy the 
formula 

G^,As{s,t) =ij'{j{t)), sG[0,As], teS\ 

Thus the cylinder G^^As is swept by the gradient trajectories of the function G 
starting at points of 7 and having length As. Next, let us define the objects 
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that will be obtained as limits of Je-holomorphic maps, when e ^ 0. We 
start with the notion of a generalized holomorphic building of height 1, with 
k' sublevels. The notion is defined by the following four conditions (i)-(iv). 
Suppose we are given: 

(i) k' nodal holomorphic curves 

{ai,fi;Si,Mi,Di,Zi U Zj) , where i = 1,... ,k'; 

(ii) A;' + 1 collections of cylindrical gradient trajectories 

{G-yji^Asi ,J = 1, ■ ■ ■ , where z = 0,...,k', 

with Aso = — oo, Ask' = +oo and < As, < oo for z = 1, . . . A;'. We 
denote by Si their domains consisting of a collection of cylinders, and 
by the sets of boundary circles corresponding to their positive and 

negative punctures; 

(iii) the number pf of positive punctures of Fj and the number p^^^ of nega- 
tive punctures of Fj+i are equal to pi and for i = 1, . . . , fc', there are ori- 
entation reversing diffeomorphisms $j : — and : T^j^ T~ 
which are orthogonal on each boundary component. 

(iv) Gluing the Sf* and Si by means of the mappings $j and the *j , we 
obtain a piecewise-smooth surface 

S = SoU Sf^ USiU ... U Sk' . 

The last condition in the definition of a generalized holomorphic building 
of height 1 in M X y , with k' sublevels i requires that the maps /j , for 
i = 1, . . . ,k' and G^.^i^As^ , for j = 1, . . . and i = 0, . . . , k' , Hi together 
into a continuous map / : S ^ V . 

Next wc extend this definition to generalized holomorphic buildings of height 
k, with k'^ sublevels in level i = 1, . . . , A;, by concatenating k generalized holo- 
morphic buildings Fi of height 1, with ^ sublevels, as in Section 7.2. The 
stability condition for generalized holomorphic buildings means stability of all 
its sublevels in the sense of Section 7.1. Wc now extend the notion of conver- 
gence to a generalized holomorphic building. Suppose we are given a sequence 
{Fm,^m), with m > 1, of -holomorphic buildings of height < k, where 
£m — 0. The sequence {Fm,^m) converges to a generalized J-holomorphic 
building F of height k, with k'- sublevels in level i = 1, . . . ,k, if there exist 
sequences of extra sets of marked points for the curves {Fm,^m) and a 
set M' of extra marked points for (F, $) which have the same cardinality N 
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(a2,/2) 




-> : > ^ :> ^ 




Figure 15: Generalized holomorphic building of height 1 with 3 sublevels 

and which stabilize the corresponding underlying Riemann surfaces such that 
the following conditions are satisfied. Assume 

(Sf^, TF^, ^'m) = {Sm,jm, Mm U M'^, Dm, r^) 

and 

(SF,rF,$) = (5,j,MUM',Ar) 

are the decorated stable nodal Riemann surfaces which underly the curves dif- 
feomorphisms ipm'- S^''^ ^-D^.^m ^j^]^ (pm{M) = Mm and ^m.{M') = M'm 
which satisfy the conditions CRS1-CRS3 in the definition of the Deligne- 
Mumford convergence of Riemann surfaces and such that, in addition, the 
following conditions hold. 
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CGHCl For every component C of S^'^ \ U^j which is not a cyhnder 
corresponding to a gradient trajectory, the sequence of projections o 
^m\c- C converges to /|c: C in CgJ.. 

CGHC2 If Cij is the union of components of 5^''' \|J which correspond 
to the same sublevel j = 1, . . . ,k[ of the same level i = 1,. . . ,k of the 
building F, then there exist sequences for i = l,...,k and j = 
1, . . . , A;-, and m > 1, such that (a^ o (p^ - a - o^)\ci,j ^ in C^^. 

With these definitions, the compactness theorem can be stated as follows. 
Theorem 11.4 Assume < e„ < eo and e„ ^ 0. Let 



be a sequence of smooth holomorphic curves in (W = M x V, J^^) of the same 
signature {g, iJL,p~ ,p^) and asymptotic at the corresponding punctures to the 
same orbits in Ve^ . Then there exists a subsequence that converges to a stable 
generaUzed holomorphic building F of height k . 

This theorem is proven in [1] and can be used to compute some symplectic and 
contact invariants in the Morse-Bott case. 

11.3 Compactness results in the Relative Symplectic Field The- 



In the relative Gromov-Witten theory one studies moduli spaces of holomorphic 
maps {{S,dS),j) — {{W,L),J) where L is a totally real submanifold of the 
middle dimension. In case J is tamed by a symplectic form u> one usually 
requires, in order to ensure compactness results, that L is Lagrangian with 
respect to w, ie, ljIl = 0. In the context of the Symplectic Field Theory we 
consider a symmetric cylindrical manifold (M x V, J) with dim V = 2n — 1 
and with J adjusted to a maximal rank closed 2-form u> on V . Suppose 
that L is a (n — 1) -dimensional isotropic submanifold for lo, ie, uj\l = 0, 
and also integral for ^, ie, Alz, = 0. In the contact case, when lo = dX, the 
second condition implies the first one and just requires that L is a Legendrian 
submanifold for the contact structure ^. Set L = MxLcMxF. Given 
a Riemann surface {S,j) with boundary dS and with two sets of punctures 
Z = {zi, . . . , Zg} C Int S and B = {bi, . . . ,bt} C dS , we consider the moduli 




ory 
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space of {j, J)-holomorphic maps {S \ Z,dS \ B) ^ (R x V, L) such that near 
interior punctures from Z the maps are asymptotic to periodic orbits of the 
Rccb vector field R, and near the boundary punctures from Z, the maps are 
asymptotic to chords of R connecting two points on L, either at +00 or at 
—00 . One can define the moduh spaces of holomorphic buildings of height k 
and prove the corresponding compactness theorem, similar to Theorem 10.1, 
following the scheme of the absolute case. In fact, in the real analytic situation 
the relative compactness theorem can be formally deduced from the absolute 
one by using Gromov's doubling trick, see [8]. See also the paper [3] which is 
devoted to the Legendrian contact homology theory, and where the necessary 
compactness results are proven in a somewhat different setup. Suppose now 
{W = W yj E,J) is an almost complex manifold with symmetric cylindrical 
end(s) where J is adjusted to a symplectic form a; on t^. Let us consider 
a Lagrangian submanifold A C W which intersects the boundary V = dW 
transversally along a submanifold L = U A, integral for the distribution 
^ = {A = 0} on F. Then A can be extended to the end E as the cylindrical 
manifold L = M x L. We abbreviate A = A U L and consider the moduli 
space of (j, J) -holomorphic maps {S \ Z, dS \ B) ^ {W, A) such that near 
interior punctures from Z the maps are asymptotic to periodic orbits of R, 
and near the boundary punctures from Z the maps are asymptotic to chords 
of R connecting two points on L, at one of the ends of W . The definition of 
the moduli spaces of holomorphic buildings of height 1 1 1 , the formulation 
and the proof of the relative analogue of Theorem 10.2 can be done following 
the same scheme, as in the absolute case. 



A Appendix : Asymptotic convergence estimates 

We shall first describe the structure of the manifold V near a periodic orbit of 
Morse-Bott type. 

Lemma A.l Assuming the Morse-Bott situation, let N denote a component 
of the set Nt C V covered by periodic orbits of period T of the vector field R. 
Let 7 be one of the orbits from N . Then 

a) if T is the minimal period of 7 then there exists a neighborhood J7 D 7 
in V such that U H N is invariant under the flow of R and one finds 
coordinates 

{1}, Xi, . . . , Xn-l,yi, . . . ,yn-i) 
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such that 

N = {xi, . . . ,Xp = 0,yi, . . . ,yq = 0}, for Q<p,q<n-1, 

d 

and 

n-l 

uj\n = (^oIat where loq = dxi A dyi . 

1 

b) if 7 is a m -multiple of a trajectory P of a minimal period ^ there 
exists a tubular neighborhood U of P such that its m-multiple^ cover 
U together with all the structures induced by the covering map U ^ U 
from the corresponding objects on U satisfy the properties of the part a). 

Proof In the case a) the orbit 7 has a neighborhood U such that U D N is 

fibratcd by trajectories of R. since Rjcu = and dco = 0, the 2-form uj\i\f 
descends to the quotient by . By the Morse-Bott assumption the rank of 
of the form induced on this quotient is constant, and hence N/S^ is fohated 
by isotropic submanifolds. The statement then fohows using an appropriate 
version of Darboux theorem. In the situation of b) by taking the m-multiple 
cover of a neighborhood of P we return to the situation considered in a) . □ 

Let N be, as in the above lemma, a component consisting of periodic orbits 
of R of period T. Let 7 is one of the periodic orbits from A'^. Let F = 
(a, /) : [—R, +R] x S""*^ ^ M x y be a J-holomorphic cyhnder in a neighborhood 
of 7. If the minimal period of 7 is equal to T/m then by taking the m- 
folded cover of a neighborhood of 7 and lifting there our holomorphic map 
we are in the situation in which T is the minimal period of 7, and hence a 
neighborhood of 7 in is fibrated by the closed orbits of 7. We introduce in a 
neighborhood C/ of 7 the local coordinates (t?, Zin, Zout) G 1^/^ x M'^ x M^"^^"'^, 
where k = 2n — 2 — (p + q) and 

^in ~ i^p+lj • • • ) Xji—l, |/(jr+l, • • • ) Vn—l)-! ^out — {xi, • • • , Xp, yi, . . . , yq)- 

We will also set z = Zout) and Iq = [—R, +R] , Oq = Iq x . 

Lemma A. 2 JVear a closed H-orbit, the Cauchy-Riemann equations can be 

written as follows, 

Zs + Mzt + Szout = (41) 
as-T^t + Bzout + B'zt = (42) 
at + T'ds + Czout + C'zt = 0. (43) 
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Proof The Cauchy-Riemann equations are given by 

dF BF ^ 

Let us first extract the 2; -components of this equation. The first term gives Zg , 
while the second term gives 3 contributions: 

(1) Mzt, the z-components of Jzf, where M = Wz o J\z and tTz is the 
projection on the z coordinates, 

(2) 1^ z{J -§:gY'h ■ Since ^ = TR along Nt, this term has the form S'zout- 

(3) T^ziJ-§i)0't- Since tt^R = along Nt, this term has the form S" Zout- 
Combining all terms, we obtain the equation 

Zs + Mzt + SZout = 

where S = S' + S" . 

Let us now extract the a component of the Cauchy-Riemann equation. The 
first term gives , while the second term gives 3 contributions: 

(1) TTa o Jzt = B'zf, where VTa is the projection on the a coordinate. 

(2) TTaiJ^^^t = -T-dt + Bzout, since j|. = -T^ along A^r- 



(3) 7r„(j|)ai = 0. 



r a. 
dt 

Combining all terms, we obtain the equation 

as - T^t + Bzout + B'zt = 0. 

Finally, we apply J to the Cauchy-Riemann equation and extract the a com- 
ponent from the resulting equation. The second term gives —at, while the first 
term gives 3 contributions: 

(1) TTaiJzs) = CiZout+C'zf using the z-components of the Cauchy-Riemann 
equations. 

(2) T^a{JM)^s = -m + C2Zout, since = -T£ along A^r- 



(3) 7r„(j|)a, = 0. 



Combining all terms and changing the sign, we obtain the equation 

at + T-&t + Cz^t + C'zt = 
where C = Ci + C2 . □ 
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Define the hnear operators 

A{s): H'^{S^,R^''-^) c l2(5\r2"-2) ^ L'^{S\R^''-'^) 
by the formula 

{A{s)z){t) = -M{u{s,t))zt{t) - S{u{s,t))zout{t), 

where we have abbreviated u{s,t) = (a(s, t), /(s, t)) . Then equation (41) be- 
comes Zs{s,-) = A{s)z{s, ■) . Note that the expUcit expression for this op- 
erator depends on the J-holomorphic map F = (a, /) through the matri- 
ces M and S. If we substitute instead 'd{s,t) = i?(so,0) +t, a{s,t) = Ts, 
Zout{s,t) = and Zin{s,t) = Zj„(so,0), for some sq G Iq, wc obtain another op- 
erator A{s) . We win denote the hmit lim^^oo A(s) by • Wc write [AquJ (t) = 
~Mo{t)ut{t)—So{t)uout{i) ■ This operator corresponds to the linearized Cauchy- 
Riemann equation along the closed R-orbit (*) = {'&{so, 0) + 1, Zin{so, 0),0) . 
Revisiting the proof of Lemma A. 2, wc can sec that MqSqZoui is the lineariza- 
tion of the z-component of the vector field R along 75,, . Hence, the matrices 
-^o(i)) 'S'o(i) are in the symplectic algebra and the operator Aq is self-adjoint 
with respect to the inner product 

{u,v)q= I {u,-JoMov)dt 
Jo 

where Jq is the standard complex structure on M^""^ and (•, •) = a;o(-, Jq-) ■ The 
kernel of ^0 is independent of sq and is generated by constant loops with values 
in the tangent space to A^. Let Pq be the orthonormal projection to ker with 
respect to (•, •)o, and Qq = I — Pq. The operator Qq clearly has the following 

properties: {Qoz)t = Zt, {Qoz)s = QqZs, {Qoz)out = Zout and QqAq = AqQq. 
We will first obtain some estimates for the decaying rate of Zout- Abbreviate 
9o{s) ■= ^\\Qoz{s)\\l and /3o(s) = (^?(so, 0) - ^?(s, 0), Zi„(so, 0) - z,„(s, 0)) . 

Lemma A. 3 There exist 6 > and /3 > such that, if 

sup \d"'zout{s,t)\ < 6 
{s,t)eeo 

for multi-indices a with \a\ < 2, and 

sup \d°'Zin{s,t)\ < S 

is,t)<=eo 

sup |9"(i?(s,i) -i)| < S 
{s,t)e0o 

for those muhi-indices a satisfying < \a\ < 2, then for s e Iq satisfying 
\Pois)\ < P, we have 

9o{s) > cjgo{s), 
where ci > is a constant independent of sq . 
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Proof Clearly, 

9o{s) > {QoZss,Qoz)o- 

Let us compute the right hand side. First, 

QoZs = QoA{s)z{s) 

= QoAoz + Qo[A{s) - Ao]z 

= QqAqz + Qo[AoZt + AoZout + (Ao/3o)^t + (Ao/9o)^o«t] 
= AoQoz + QoAo{Qoz)t + QoAoiQoz)out + Qo{Aol3o){Qoz)t 
+QoiAoPo){Qoz)out, 

where 

Ao = M{^{s,0)+t,Zin{s,0),0)-Mms,t),z{s,t)) 
Ao = S{i^is,0)+t,Zin{s,0),0)-S{^is,t),zis,t)), 

and where the matrices Ao(s, t), Ao(s, t) are defined via the mean value theorem 
applied to M between points {■d{so,0) + t, Zin{so,0)) and {■d{s,0) +t, Zin{s,0)) , 
and hence we have 

Ao/3o = Mo-M{^{s,0)+t,Zin{s,0),0) 
AoPo = So- Sms,0) + t,Zin{s,0),0). 

The expressions Aq and Aq contain the dependence in Zout so that 

sup |a"Ao(s,t)| < C6 
{s,t)edo 

sup \d^Ao{s,t)\ < CS, 

for multi-indices a with |a| < 1. On the other hand, the expressions Aq and 
Aq contain the dependence in Zin and Therefore, 

sup \d'^Ao{s,t)\ < C 
{s,t)e6(o 

sup \d^Ao{s,t)\ < C, 

{s,t)eeo 
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for multi-indices a with |q;| < 1. Taking the derivative once more, we obtain 

d 

QoZss = Ao{Qoz)s + Qo{-^Ao){Qoz)t + QoAo{QoZs)t 



+Qoi-g^Ao){Qoz)out + QoAo{{Qoz)out)s 

+Qoi-^Ao)Po{Qoz)t + Qo{Ao^po){Qoz)t + Qo(Ao/3o)(Qo-2.)t 

d d 
+Qo{-g^Ao)poiQoz)out + Qo{Ao—Po){Qoz)out 

+Qo{AoPo){QoZs)out- 



Taking the inner product with Qqz, we obtain 

d 

{QoZss,Qoz)o = {QoZs,Ao{Qoz))o + {{—Ao){Qoz)t,Qoz)o 



+{Ao{QoZs)t,Qoz)o 

+{{-q-^Aq){Qqz)ouu Qoz)o + {Ao{{Qoz)out)s, Qoz)o 

+{{^Ao)(3o{Qoz)t, Qoz)o + {{Ao-^l3o){Qoz)t, Qoz)o 

+{{AoPo){QoZs)t,Qoz)o 

d - - d 

+{i-g^Ao)Po{Qoz)out,Qoz)o + {{Ao—Po){Qoz)out,Qoz)o 

+{{Aol3o){QoZs)out, Qoz)o. 



Let us denote the 11 terms of the right hand side by Ti, . . . , Tn . Substituting 
QqZs by its value in Ti we find 

Ti = \\AoQoz\\l + {QoAoQoZt, AoQoz)o + {QoAo{Qoz)out, AoQoz)o 
+{Qo{AoPo)Qozt, AoQoz)o + {Qo{AoPo){Qoz)out,AoQoz)o. 

By integration by parts in T3 and Tg , 

T3 = {Ao{QoZs)t,Qoz)o 



Jo ot Jo 

Similarly, 




T8 = - [ {QoZs,{-^AAo(3o)JoM)Qoz)dt - f {QoZs, -{AoPo) JoMQozt)dt. 
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Applying the Cauchy-Schwarz incqTiality to all terms Tj and taking into account 
the bounds for Aq , Aq and for Aq , Aq , we obtain 

Ti > PoQo^;|lo - c(5||Qo2;t||o||^oQo2;||o - c(5||Qo2;||o||^oQo^||o 

-c\Po\ IIQo^tlloPoQo^^llo - c\Po\ IIQo^lloPoQo^llo- 
T2 > -cJIIQo^^illollQo^llo- 

T4 > -c5||Qo^|lo- 
T5 > -c(5||(5o^s||o||Qo2||o- 
n > -c|/3o| IIQo^tllollQo^llo- 
T7 > -c^llQo^tllollQo^llo- 

^8 > -c|/3o| IIQo^sllollQo^^llo - c|/?o| IIQo^sllollQo^tllo- 

T9 > -c|/3o|||Qo^||o- 
Tio > -cS\\Qoz\\l 
Tu > -cl^ol ||Qo2;.||o||Qo-2||o- 
Using the expression for QoZg we find 

WQoZsWo < PoQo-^llo + cSWQoZtWo + c(5||Qo-z||o + c|/3o| IIQo^tllo + c\Po\ \\Qoz\\o. 
On the other hand, it is clear from the definition of Qo that 

\\AoQoz\\o > ci(||(Qo-z)t|lo + IIQo-^llo)^- 

Using the last 2 inequalities to eliminate Qqz, QqZs and QoZt from the estimates 
for the Ti , we end up with 

{QoZss,Qoz)o > (1 - C(5 - c|/3o|)Po<5o^|lo- 
Therefore, if 6 and (5 are sufficiently small, then for |/3o(s)| < /9 we will have 

{Qoz"{s),Qoz{s))o > ^\\AoQozis)\\l 
Prom this we deduce the desired estimate 

g'ois) > {Qoz"{s),Qozis))o 
> ^\\AoQozis)\\l 

>j^\\Qozfo = c'igo{s). □ 

Define si = sup{s G /q I l/5o('5')| ^ P for all s' e [so,s]}. Then Lemma A. 3 
implies the following estimate. 
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Corollary A.4 



go{s) < max(5fo(so), 50(51)) 



cosh(ci(s- 2o±£i)) 
cosh(ci^fif^j 



(44) 



for s e [so,si]. 

Proof Let us assume for determinaey that the maximum max((/o(so), 5o(si)) 
is achieved at sq, so that go{so) > go{si)- Let us denote the right hand side 
in (44) by giis). This function satisfies g'{{s) = cjgiis), gi{so) = go{so) 
and 5i(si) > go{si). Therefore, the difference g{s) = go{s) — gi{s) satisfies 
g"{s) > cfg{s) for s G [so,si], vanishes at sq and is non-positive at si. The 
differential inequahty implies that g(s) cannot have a positive local maximum 
for So < s < si- Indeed, if g is positive on the open sub-interval A C (soj-si) 
and vanishes on its boundary, then there is point a G A at which g"{a) < 0, 
while g{a) > 0, which contradicts the differential inequality. Hence, g is non- 
positive on [so,Si]. □ 

Next we derive some estimates for Zin- Let e be a unit vector in M^'*"^ with 
eout = 0. 

Lemma A. 5 Under the assumptions of Lemma A. 3 and for s G [so,si], we 
have 



Proof The inner product of the Cauchy-Riemann equation (41) with e gives 



\{z{s), e)o - {z{so), e)o| < — max(||Qo^(so)||o, ||Qo2;(si)||o). 



— {z,e)o + {Mzt,e)o + {Szout,e)o = 0. 



But we have 




so that 



\{Mzt,e)o\ < diligo^llo- 



Similarly, 



{S{Qoz)out,e)o= f {{Qoz)out,S*{-Jo)Moe)dt 
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\{Szout,e)o\ < d2\\Qoz\\o. 

Therefore, 

{z{s),e)o - {z{so),e)o <d \\Qoz{a)\\oda 

J So 

for s e lo- By equation (44), 



||<5o^(o")||o < max(||Qo2;(so)||o, ||<3o^(si)||o)i 



'cOsh(ci(cT- 



cosh(ci 



2_ 

SQ-Sl ■ 



for a G [so,si]. Hence, substituting in the integral and using the fact that 
V cosh u < \f2 cosh | , we obtain 

4d 

|(z(s),e)o - (2(so),e)o| < — max(||Qo2:(so)||o, ||Qo^(si)||o), 

ci 



since 



Next, we shall derive estimates for the derivatives of z. 

Lemma A. 6 There exist 6 > and (3 > such that, if 

sup \d°'zout{s,t)\ < 6 

for multi-indices a with \a\ < k + 2 and 

sup \d°'zin{s,t)\ < 5 
{s,t)eeo 

sup |9"(7?(s,t) < S 
for multi-indices a with < |q;| < A; + 2, then 



< Ca max dlQoS" ^(so)||o, HQoS" ^(si)||o)i 



/cosh(ci(s- ^2±£i)) (45) 



\a'\<\a\ y COSh(ci^a2^) 

for all s & [so, si] and for every multi-index a with 1 < |a| < A;. 
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Proof The Cauchy-Riemann equation (41) can be written as 

Zs = A{s)z 

where IS. = Sq — S and A = Mq — M . Applying the projection Qo to this 
equation, we obtain for w = ^_qz, 

Ws = Aqw + QoAwt + QoAwout- 

where w = Qqz. Let W be the vector obtained by catenating (^)*(^o)''^ for 
< i,j < k. Then W satisfies an equation of the same type, 

Ws = AoW + QoAWt + QoAWout, 

where = <iiag(Ao; • • • > ^o) and Qq = diag((5o) • • • > Qo) ■ Therefore, using the 
same estimates as in Lemma A. 3, we obtain 



\\W{s)\\o < Cmax(||W^(5o)||o, \\W{s,)\\o) 

Next we estimate Pqz and its derivatives. Applying Pq to the Cauchy-Riemann 
equation (41), we get 

{Poz)s = PoA{Qoz)t + PoA{Qoz)out- 

We can apply (^)*, for i = 0, . . . ,k — 1 to this equation, and express the 
derivatives of PqZ in terms of components of 1^, to obtain the desired estimate. 

□ 

We now derive estimates for 

Lemma A. 7 Under the assumptions of Lemma A.6 with k = 1, 

r \^{s,T)-^{so,T)\dT < Cma^{\\Qod^z{so)\\o, \\Qod^z{si)\\o) 

Jo |a|<l 
for ati s G [so, si] . 

Proof Consider the Cauchy-Riemann equations (42) and (43) for a and ■d: 

r as-Tdt = -BiQoz)out-B'{Qoz)t 
\ at + T^s = -C{Qoz)out - C'{Qoz)t. 

If s G [so,si], the right hand side is bounded in norm as in equation (45). 
Therefore, integrating the second equation over t, we obtain 

f\sdt < Cmax(||Qo5"^(so)||o, \\Qod''z{si)\\o) 
Jo l"l<i 
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Integrating over s, as in Lemma A.5, we find 

[' \^{s,t) - ^so,T)\dT < C' max{\\Qod''z{so)\\o,\\Qod''z{si)\\o). □ 

Jo |a|<l 

We are now in position to prove Proposition 5.7. 

Proof of Proposition 5.7 Let h is chosen as in Lemma 5.11. Suppose also 
that the neighborhood U is chosen so small that it satisfies the condition of 
Lemma A.l and besides that it contains no periodic orbits of R of period < 2T, 
other than those which form the component N = Nt 3 7. By contradiction, 
assume that there exists a sequence Fn = {an, fn) '■ [—n, +n] x 5^ — M x F of 
holomorphic cylinders, satisfying E{Fn) < Eq and E^{Fn) < h, and a sequence 

< n such that fn{s„,t) ^ Be{f„{0,t)) for some Sn G [— 
kn = n — Cn- By Lemma 5.11, the gradient of Fn is uniformly bounded on 
each compact subset, otherwise we would obtain a bubble with the a; -energy 
exceeding h. Hence, by Ascoli-Arzela, we can extract a subsequence converging 
to a holomorphic cylinder F =: RxS'^^RxF, which is necessarily a trivial 
vertical cylinder over an orbit 7 G A^. Indeed, both asymptotic limits 7^ of 
this cylinder have to belong to Nt ■ This forces the equality E^ (F) = which 
then implies that F is a trivial vertical cylinder. Let us show that 

sup \d''Zout,n{^,t)\^0 (46) 

for multi-indices a with |a| > and 

sup \d"Zin,n{s,t)\ 

{s,t)el-kn,k„]xS'^ 

sup \d''iMs,t)-t)\ 

(s,t)e[-fe„,fe„]xSi 

for multi- indices a with \a\ > 1, when n ^ 00. If this were not the case, we 
could translate the coordinates to center them on a sequence of points violating 
one of these properties. The sequence of cylinders obtained in this way would 
converge, as shown above, but the limit could not be a vertical cylinder, giving 
a contradiction. Hence, for n sufficiently large, the suprema in equations (46), 
(47) and (48) for |a| < 3 (and \a\ > 1 in cases (47) and (48)) will be smaller 
than a given 6 > 0. Taking R = kn, we can then apply the Lemmas A. 3, A.5 
and A.6 with A; = 1 to the cylinders [—kn,+kn] x ^ R x V . Since 
equations (46) and (47) imply that ||(5o-2n(s)|| ^ as n ^ 00, Lemma A.6 
gives uniform convergence of ||9°2„(s)||o to 0, for s satisfying |/3o('5)| < /?• By 
the Sobolev embedding theorem, these norm bounds imply pointwise bounds 
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for \z{s, t) — z{0, t)\. Moreover, Lemma A.7 shows that |i?n(s, t) — i?n(0, t)\ — > 
uniformly where (3o{s) < f3, when n ^ oo. Hence, for n sufficiently large, 
the property Po{s) < (5 will be satisfied for all s G [—kn,kn\, so the pointwise 
estimates hold for the whole [— x . But this contradicts the initial 
assumption that fn{sn,t) ^ B^{fn{0,t)) for some s„ G [—kn,kn]- □ 

B Appendix: Metric structures on the compactified 
moduli spaces 

J 

B.l Metrics on Mg^^ and Mg,,j, 

The space Mg,ix is the standard Deligne-Mumford compactification of the mod- 
uli space A^g,//. As it was shown by Wolpert (see [28]), the completion of Mg^n 
in the Weil-Petersson metric on Mg^fj, coincides with Mg^/j, , and thus the com- 
pleted metric can be used to metrize the space Mg.^.- As a topological space, 
Aig ^ can be defined as an oriented blow-up of Aig,^ along the divisor corre- 
sponding to nodal surfaces. Hence it also can be metrized, though not in a 

^ 

canonical way. In this Appendix we define different metrics on Mg^fj, and M-g ^j^ 
compatible however with the same topologies on these moduli spaces. These 

metrics arc more suitable for our further considerations of moduli spaces of 
holomorphic curves. Choose an £ < ^ . Given (the equivalency classes of) two 
decorated nodal surfaces 

iS,r) = iS,j,M,D,r) and {S' ,r') = {S' ,j' , M' , D' ,r') 

we take their deformations S^''^ and (S")^ ''' , and consider the e-thick parts 
Thicks (S) and Thicke(S') of S and S', viewed as subsets of S^'^ and (S')^''"^'. 
Thus each compact, ie, not adjacent to the punctures, component, Cj of the 
thin part of S^'' , for i = 1,...,N, (resp. of the thin part of iS')^''""' , 
for i = l,...,N^), contains the circle = (resp. T'^ = Fc'.) which is 
either a closed geodesic or one of the special circles corresponding to the double 
points from D (resp. D'). Let us denote by ^£(8,8') the (possibly empty) set 
of homeomorphisms S^''' {S')^ which map Thick£(8) quasi-conformally 
onto Thick£(8'). The homeomorphism (p must preserve the ordering of cusps 
of S and S' which correspond to the sets of marked points M and M' , while 
the ordering of circles Lj and V- is irrelevant. For ip G He (8, 8') wc denote by 
Keif ) the maximal conformal distortion of (p restricted to Thick£(S). If ip is 
smooth, 

K^{(p)= max I log Ai (x) - log A2 (a;) | , (49) 

a;eThickE(S) 
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where Ai(x), X2{x) are the eigenvalues of {dip{x))* odip{x). Notice that given a 
homeomorphism (p G ^£(8, S') the image C"^ = ip{C) of a compact component 
C of Thine (S) C S^''' is a co mpact compo nent of Thine(S'}^C [ S')^''"'' . Let us 
consider the components C of Thin£g/2(S) C iS^'^ and and C" of Th.m.^^i2{S') C 
^g/^D',r' contain C and C"'', respectively. Let S± S'j. be the boundary 

circles of C and C", and r,r' be their central geodesies or special curves. Let 
vr : C ^ r and tt' : C ^ V be the projections along the geodesies orthogonal to 
r and r'. For any point x G F take the points x± G S± such that 7r(x±) = x. 
Similarly, we define point x'j^ G S'j^ for any point x' G V . Let 5{x) denote 
the distance between the points 7r'((/?(.T-|-)) and ■K'{ip{x-)) in T' measured with 
respect to the arc length metric on F'. Similarly, 5'{x') denote the distance 
between the points 7r((^~^(x^)) and ■K{(p~^{x'_)) in F measured with respect 
to the arc length metric on F . We assume here that the total length of F and 
F' is normalized by 1 . Next, set 

5c{^) = sup(<5(x)) + sup(5(x')) . (50) 

Clearly, (5c ((^) is independent of the ambiguity in choosing the ordering of the 
boundary circles of C and C' . We set 

dt{{S,rl(S',r'))=K,{^) + Y,5c{^). (51) 

c 

where the sum is taken over all compact components C of Thing (S) C S'^''', 
and 

4 ((S, r), (S', /)) = min {l, inf ((S, r), (S', /)) } . (52) 

Next, we define the distance function d{{S,r), (S',r')) by the formula 

, A^^i/2*((S,r),(S',r')) 
d ((S, r), (S', /)) = ' 2^ ■ ^^^^ 

i=l 

Proposition B.l Formula (53) defines a metric on Mg^^. 

Proof The only non-obvious properties which we need to check is the triangle 
inequality and the non-degeneracy of the distance function d. 

Triangle inequality Let us verify the triangle inequality for dg. The in- 
equality for d then follows. Suppose that we are given three stable nodal 
Riemann surfaces (Si,ri), (S2,r2), (S3,r3). Denote Hij = 7i£(Si,Sj). If 
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Hi2 = "^13 = 7^23 = 0, or if 7^12 = TCis = ^ but H23 7^ then the tri- 
angle inequaUty is obviously satisfied. If (^12 G Ti.i2 and (^23 € 7^23 then 
¥'13 = o </?2 £ 7^13 . Notice that 

K.i^u) < K,{^12) + K,{^23) (54) 
and, for every component C of Thin£(Si) C S^^'"^^ , 

(^c(¥'i3) < (^c(</'i2) + S^i2{C) {^23) ■ (55) 

Hence, 

3 ((Si,ri),(S3,r3)) < K.(<^i3) + ^fc(<^i3) 

C 

< Ks{ipi2) + ^ ^0(^12) 

c (56) 

+ -f^'£((^23) + X] '^C"(</'23) 

= ((Si,ri),(S2,r2)) ((S2,r2),(S3,r3)) 
where the first two sums are taken over all compact components 

C C Thine (Si) C S^'^''\ 
and the third sum is taken over all compact components 

C C Thine(S2) C 5^2,r2_ 

Hence 

de ((Si, n), (S3, r3)) < 4 ((Si, ri), (S2, r2)) + 4 ((S2, ra), (S3, rg)) . (57) 

Non-degeneracy Suppose that 

d((S,r),(S',rO) =0. 

Then di/2i ((S, ?"), (S', r')) = for all i > 0. Taking into account that the 
space of quasi-conformal homeomorphisms Thick£(S) Thick£(S') of bounded 
distortion is compact for every e > and by passing to a diagonal subsequence 
wc conclude that there exists a sequence of homeomorphisms (/^^ G ^1/2*^ (S) S') , 
for k > 1, which converges uniformly on the thick parts to a quasi-conformal 
homeomorphism of zero conformal distortion, and hence to a biholomorphism 

^: (5^'^\Ur.,j)-((^0^''-\Ur'./) • 

The removal of singularities now allows us to extend the biholomorphism 
to an equivalence between the nodal Riemann surfaces S = (5, j, M, D) and 
S' = {S',j',M',D'). On the other hand, we also have for any special circle Fj 

^Cii^k) > 0, 
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where Cj is the component of Thinj^/2'^ (S) C S^''^ which contains Fj . But that 
impUes that ip is an equivalence of the decorated nodal Riemann surfaces (S,r) 
and (S',r'). □ 

The metric on Mg^/j, can be defined by a formula similar to (51)-(53) but 

without the term ^ Sc{^) ■ In other words, the metric on Mg^fj, is by definition 

C 

^ ^ 

the push-forward of the metric on Mg^^ under the canonical projection Mg ^^ 

Mg,^. 



B.2 Metric on Mg,i_,,p_,p+{V) 

We will define a metric on Mg^f_t^p_,p_^_{V) similar to the way it was done in 
Appendix B.l above for the Deligne-Mumford compactification of the space of 
Riemann surfaces. Take (the equivalency classes of) two stable holomorphic 
building (F, and {F',^') of the same signature {g, IJ',P'^ ,p~) , and of height 
k and k' < k, respectively. Let 

{S = SpjT = rp^^) and {S' = Sp/ ,r' = rpi^^/) 

be the underlying decorated Riemann nodal surfaces. Suppose first that the 
decorated Riemann surfaces 

S = {S, M, D, r) and S' = {S' , M', D' , r') 

are stable and consider their deformations S^'^ and {S')^'''^' , as in Section 
4.4 and Appendix B.l above. The surfaces S^''' = 5^'^ \ M and (5')^''''' = 
(S")^ ,r- \^ j^/ g^j^g endowed with the uniformizing hyperbolic metrics, which are 
degenerate along the special circles corresponding to the double points. Fix 
an e < eo and consider the e-thick parts Thick£(S) C S^'^ and Thick£(S') C 
(S')^'''"'. Let the notation ^^(S.S') and df {(S^r), {S' ,r')) for if G ne{S,S') 
have the same meaning as in Appendix B.l. Let us recall that the y-compon- 
ents / and /' of the maps F and F' continuously extend to the maps / : S ^ V 
and / : S V , where S and S are oriented blow-ups of the surfaces S^''^ 
and {S')^ along the sets M and M' of marked points, as it was described 
in Section 4.3 above. Let us set 

dt{{F,^),iF',^'))=p{7J'o^), 

where p is the C° -distance between mappings of a compact surface S into the 
manifold V endowed with a Riemannian metric. Next, we define the e -level of a 
connected component of Thicke(S) . Given two components C, C C Thick£(S) , 
we say that C has a bigger e-level than C , and write C -<e C if either 
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Figure 16: C2, C3, C4 -<s Ci ; C2, C3, C4 are on the same e-level 



• the level of C is less than the level of C" in the building {F, $) , or 

• C and C belong to the same level of the building {F, $) , and 

mina|c" > niaxa|c, 
and one cannot find a sequence of components 

Ci = C, C2, . . . ,Ck = C 
which belong to the same level of the building {F, $) and satisfy 
maxa|ci > inaxa|cj_i but minac. < maxa|ci_i for i = 2,...,k. 
We define the e -level of the component C C Thicke(S) as 

maxjfc |there exist Ci, . . . , C^-i C Thick£(S), Ci -<£-•• -<£ C^-i -<e C} . 
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Similarly we define the e-level of components of Tliick£(S'). Let us denote by 
Cf , iov i = 1, . . . ,k, the union of components of Thick£(S) of £-level i. We 
set 

dt{F,F')=l 

if there exists at least one component C C Thick£(S) which has a different 
e-level than the component ip{C) C Thick£(S'). Otherwise we set 

df {F, F') = min 1 1, ^ inf I |c + - a- o ip\ \co(Cf) | , 

and define 

= min (l, inf (d^ ((S, r), (S', /)) + df ((F, #), {F' , #')) + (F, F'))) . 

(58) 

Next, we introduce a distance function D {{F, $), {F' , $')) by the formula 

D {{F, $), {F', $')) = E ^^1/2^- ((^' (F', ^0) • (59) 

Let us denote by Uq the subset of curves from Aig,n,p_,p_^_{V) for which the 
underlying Riemann surfaces are stable. It is now straightforward to verify the 
following proposition. 

Proposition B.2 The distance function D is a metric on Uq. 

If the surfaces S and/or S' are unstable we first add extra sets L and L' , 
T^L = ^L' = I, of marked points to each of the holomorphic buildings to 
stabilize their underlying surfaces. Let us denote by Ui the subset of buildings 
from A^g,^,p_,p_,_(F) which can be stabilized by adding < I marked points, 
and define for two curves (F, $), (F', $') e Ui C A^p,^,p_,p+(T^) the distance 
((F, $), (F', $')) by the formula 

((F, $), (F', $')) = min (l, inf d(F^, {F'f)} , (60) 

where the infimum is taken over all sets L and L' of cardinality I which stabilize 
the surfaces S and S'. 

Proposition B.3 D' is a metric on Ui . 
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Proof We only need to verify the non-degeneracy of . Suppose that 

Then there exist sequences of extra sets of marked points on S and 
on S', k = 1,..., such that (^(F^S $), ((F')^S $')) = 0- In view of the 
compactness of the moduh space of stable nodal Ricmann surfaces (see Theorem 
4.2) we can assume, after possibly passing to a subsequence, that 

and _ 

The stable Riemann surfaces S and S' which underly the holomorphic buildings 
{F^ and {{F')^ ,<&') are limits of sequences of stable Riemann surfaces 
and Sjj, for /c > 1, underlying F^^ and {F')^k , We have 

I)f(F^,cD),((F')^',<I>)) =0, 



and therefore can apply Proposition B.2 to finish the proof. □ 

Next, we extend the distance function £)' to A^3,/i,p_,p+(F) by setting 

{0, if both (F, $) and F', $') are not in Ui; 
1, if one of the curves is in Ui and the other one 
is not. 

Of course, the distance function extended this way to the whole moduli 
space M.g,n,p_,p_^_{V) is degenerate, and hence is not a metric. However, it is 
still a pseudo-metric, and in particular satisfies the triangle inequality. Let us 
also note that < iox k >l. Finally we define the required metric £)stabie 
on M.g,fi,p_^pj^iy) by the formula 

^stable = ^ _ . (61) 
1 

Proposition B.4 The distance function Datable j-g metric on Mg^ij,^p_,p_^_{V) . 

Proof The only thing to check is that D'^tabie jg non-degenerate. Suppose 

D«*^bi^((F,$),(F',$')) = 0- Then F)' ((F, $), (F', $')) = for all / > 0. 

Suppose that both buildings (F, and (F',$') can be stabilized by sets of 
cardinahty k. Then it follows from Proposition B.3 that D'^ ((F, $), (F', $')) = 
implies (F, $) = (F', $') . □ 
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